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Abstract

Understanding why nature privileges quantum theory over other conceivable
physical frameworks remains one of the most profound challenges in the founda-
tions of physics. In pursuit of this question, we begin by examining how different
composition rules between quantum systems influence the correlations that may
arise in experimental settings. While previous studies have established that
no bipartite composition yields spacelike correlations exceeding those allowed
by quantum theory, we demonstrate that, in the domain of timelike correla-
tions, certain composition rules can generate correlations stronger than those
permitted within quantum theory. We further analyze the implications of such
correlations for a communication task called the Pairwise distinguishability
game, thereby providing a potential route toward experimental testing of the
actual composition rule realized in nature.

Next, we turn to the composition of non-quantum systems, which provides a
platform for contrasting quantum and non-quantum correlations and, in turn,
for gaining deeper insights into the nature of quantum correlations themselves.
We investigate Hardy-type nonlocality within a broad class of operational the-
ories whose local state spaces are regular polygons. We develop a systematic
characterization of entangled states in these models and identify those that can
exhibit Hardy nonlocality. Our results reveal that, unlike the case of two-qubit
systems where mixed entangled states cannot demonstrate Hardy nonlocality, in
polygon models mixed entangled states can indeed exhibit such correlations. We
further uncover the role of a specific dynamical symmetry—prepare—measure
reciprocity—whose absence plays a crucial role in enabling mixed-state Hardy
nonlocality.

Composition of physical systems give rise to a wide arena of plausible theo-
ries. However more general approaches to composition particularly to spacetime
regions can yield exotic phenomenon in quantum theory itself. Considering the
composition of spacetime events, the traditional approach yields a spacetime,
where every pair of events is either timelike- or spacelike-related. By contrast,
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employing the framework of higher-order quantum theory introduces the notion
of indefinite composition of events. Treating causal indefiniteness as a potential
information-theoretic resource, we analyze its role in the Data Retrieval (DR)
task, in which parties must collaboratively extract classical information encoded
in quantum states. We show that indefinite causal order can enhance perfor-
mance in the DR task beyond what is possible under definite causal structures.
We further establish a formal equivalence with the well-studied Guess Your
Neighbor’s Input causal game, in terms of the optimal success probability. To
characterize useful processes for a particular variant of the DR game, we derive
a Peres-like “positive under partial transpose” criterion which provides further
classification among the set of process matrices. We also report a super activation
phenomenon, whereby two individually useless processes become useful for the
DR task when combined. Extending our analysis to the tripartite setting, we
show that classical causally nonseparable processes can outperform quantum
bi-causal ones.

Finally, we investigate the classical simulation of quantum processes, par-
ticularly in the context of quantum channel simulation. Unlike standard for-
mulations, which typically involve a single sender and receiver, we address the
efficient classical simulability of quantum channels in network scenarios. In
such networks, receivers often need to perform composite measurements on
multiple quantum systems supplied by different senders. We prove that perfect
classical simulation of a qubit channel is impossible with any finite amount
of bidirectional classical communication, even when shared randomness is al-
lowed—thereby exposing a fundamental gap between classical and quantum
capabilities. We identify entangled-effect statistics as the source of this gap,
since separable measurements in generic network configurations turn out to
be efficiently classically simulable. Extending our analysis to noisy channels,
such as depolarizing channels, we show that efficient classical simulation is
achievable; however, the required communication cost diverges as the noise
parameter vanishes.
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Chapter 1

(GGeneral Introduction

1.1 Motivation

In the scientific method, we observe natural phenomena and attempt to for-
mulate physical theories that accurately describe and predict these observa-
tions. One of the earliest and most influential frameworks in this regard was
Newtonian mechanics, developed by Isaac Newton to explain the motion of
everyday objects. His formulation of the law of universal gravitation emerged
similarly—from empirical observations and the effort to encapsulate them within
a consistent theoretical structure.

Later, Einstein’s theories of special and general relativity addressed inconsis-
tencies that arose when applying Newtonian mechanics to high-speed motion
and strong gravitational fields. These classical theories provided a remarkably
coherent and predictive framework for understanding macroscopic phenomena
in the natural world.

However, in the early 20th century, several experimental results revealed
limitations of classical mechanics, particularly at the microscopic scale. Ex-
periments such as the double-slit interference experiment, the Stern—Gerlach
experiment, and the photoelectric effect, among others, suggested that classical
physics was insufficient to explain certain fundamental features of nature. These
anomalies prompted the development of quantum mechanics—a profoundly suc-
cessful and predictive theory that remains one of the cornerstones of modern
physics.

This shift underscores a broader theme: the overarching goal of scientific
inquiry is to systematically expand our understanding of the universe, often by
developing models that explain previously unaccounted-for phenomena.
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To illustrate the process of modeling physical systems, consider a hypothetical
system, denoted as Sys-1, which is understood to some extent. By a physical
system, we refer to any portion of the universe isolated for study. To say that
a system is "understood to some extent" means that we can predict some of
its measurable properties, either deterministically or probabilistically. This
understanding, however, may be incomplete; certain behaviors exhibited by the
system may still need further explanation.

Despite such incompleteness, scientific modeling proceeds by assuming the
existence of such systems and formalizing our partial understanding of them.
Now suppose we introduce a second physical system, Sys-2, which similarly
might be only partially understood. A foundational question that arises in this
context is:

Given our current understanding of the individual systems Sys-1 and
Sys-2, what can be inferred about our understanding of the composite
system Sys-1 U Sys-2?

Several key sub-questions emerge from this line of inquiry:

¢ Ifour understanding of both subsystems were complete, would it necessarily
imply complete understanding of the composite system?

¢ Is the composite system Sys-1 U Sys-2 a well-defined physical system in its
own right? (See Fig.(1.1))

¢ If so, is there a unique way to define the composition of two systems?

* If multiple composition rules are mathematically valid, are all of them
physically meaningful, or only a restricted subset?

These questions lie at the heart of foundational investigations in physics,
particularly within the frameworks of quantum mechanics, generalized proba-
bilistic theories (GPTs), and the study of complex and emergent systems. They
probe the structural underpinnings of physical theories and examine the extent
to which these theories can consistently describe not only isolated subsystems,
but also their interactions and joint behavior.

The central objective of this thesis is to demonstrate that the study of compos-
ite systems—particularly the nature of their composition—can yield profound
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F1G. 1.1 (Left) Penrose tribar: An impossible figure formed by the illusory junction of
three bars. (Middle) Penrose stairs: A staircase where each step appears to rise
above the previous one, yet the path loops endlessly. (Right) Escher’s impossible
cube: A cube whose edges are arranged in a geometrically inconsistent manner,
making it physically unrealizable.

insights into the underlying structure of physical reality. Beyond merely an-
alyzing the statistical properties of composite systems, this work emphasizes
the foundational importance of the rules that govern their composition. The
specific manner in which subsystems are composed can significantly constrain
the class of physically realizable phenomena. As a consequence, the structure
of composition itself imposes nontrivial, and often subtle, information-theoretic
constraints on the global behavior of the system.

A paradigmatic scenario in the study of composite system statistics arises
in the context of spacelike separated experiments. In such scenarios, two ex-
perimenters—commonly referred to as Alice and Bob—perform local operations
in spacelike separated regions. In 1964, John Bell famously derived the in-
equality that now bears his name, demonstrating that quantum mechanical
predictions for certain correlation experiments are incompatible with any local
deterministic theory [1]. That is, no physical theory that adheres to both locality
and determinism can reproduce all of the statistical predictions of quantum
mechanics.

Experimental confirmation of Bell inequality violations—most notably by the
works of Aspect, Clauser, and Zeilinger [2-5]—led to the 2022 Nobel Prize in
Physics. Crucially, such violations rely on the presence of entanglement between
the quantum systems held by Alice and Bob. This naturally raises a foundational
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question: What role does the composition rule between quantum systems play in
enabling the violation of Bell inequalities?

To formally investigate this question, one can employ the framework of
Generalized Probabilistic Theories (GPTs). Within GPTs, composite systems can
be constructed using a variety of composition rules. However, under two widely
accepted physical principles—(i) no-signaling, i.e., the prohibition of faster-than-
light communication, and (ii) local tomography, the requirement that global
states can be fully characterized by local measurements—the space of allowable
compositions narrows to a continuum bounded by two extremes: the minimal
tensor product, which does not allow for entanglement, and the maximal tensor
product, which allows for all entangled correlations compatible with no-signaling
and local tomography.

Quantum theory occupies a special position within this spectrum: the stan-
dard quantum composition rule, defined by the tensor product of Hilbert spaces,
is self-dual and lies between the minimal and maximal constructions. A re-
markable result by Barnum et al. [6] demonstrates that, despite the diversity
of compositional possibilities within GPTs, the set of experimentally accessible
correlations from spacelike-separated measurements can always be reproduced
using the standard quantum composition rule.

Given that nature exhibits violations of Bell inequalities, one can conclu-
sively exclude composition rules that forbid entanglement (such as the minimal
tensor product). However, many other composition rules remain empirically
indistinguishable in this domain, leaving open the possibility that nature may
employ a non-quantum composition structure consistent with observed nonlocal
correlations.

This leads to a profound dilemma: either we accept that the exact composi-
tion rule realized in nature may not be empirically accessible from spacelike-
separated experiments alone, or we must explore alternative experimental do-
mains. In this context, timelike-separated experiments offer a compelling avenue
of investigation.

Consider a scenario in which Alice possesses two quantum subsystems com-
posed according to a specific rule (e.g., minimal, maximal, quantum, or any other).
She encodes information into joint states of the composite system and transmits
it to another party, who then performs measurements to retrieve the encoded
information. A natural extension of the question addressed by Barnum et al. [6]
is to ask: Do all composition rules predict equivalent behavior in such timelike
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operational settings? More specifically, can one distinguish between composi-
tion rules based on information-processing tasks involving timelike-separated
parties?

These questions motivate the investigations presented in Chapter [3], where
we explore whether empirical evidence from timelike experiments can provide
stronger constraints on the nature of composition than those available from
spacelike correlations alone. Ultimately, this line of inquiry seeks to address
whether the standard quantum composition rule—given by the tensor product of
Hilbert spaces—can be derived or justified from operational principles observable
in temporally ordered experimental settings.

Thus far, our discussion has been restricted to systems composed of quantum
subsystems. However, if one relaxes this assumption and allows for non-quantum
subsystems, it becomes possible to construct correlations in the spacelike-separated
setting that go beyond those permitted by quantum mechanics.

A prominent example of this phenomenon is the Popescu-Rohrlich (PR) box,
introduced by Popescu and Rohrlich in [7]. The PR box defines a correlation that
is strictly stronger than those allowed by quantum theory, despite respecting the
no-signaling principle. Moreover, it is well known that correlations such as those
exhibited by the PR box can trivialize communication complexity [8], suggesting
that their existence would have drastic consequences for the structure of infor-
mation processing in nature. These observations raise fundamental questions
about the nature of locality, composition, and the operational constraints that
limit physically realizable correlations.

It is therefore natural to ask: What constraints can be placed on subsystems
by studying the space of allowed spacelike correlations? In Chapter [4], we
undertake a systematic investigation of such generalized nonlocal correlations
and analyze how various assumptions about local systems and their composition
influence the boundary between quantum and post-quantum theories. This
analysis provides foundational insight into the structure of quantum correlations
and the extent to which they are determined—or constrained—by more primitive
physical principles.

The aforementioned studies provide significant insights into the roles of
subsystems and their compositions in relation to physically plausible phenomena.
However, these analyses typically assume systems in the conventional sense,
where subsystems are understood as distinct entities embedded within a fixed
spacetime structure. One may, however, extend this perspective and consider
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spacetime itself as a form of composition—specifically, a composition of events
(or subsystems) embedded within a larger spacetime manifold.

In classical and relativistic theories, such a composition is encoded via definite
causal structure. That is, for any pair of events A and B, one assumes that either
A lies in the causal past of B, B lies in the causal past of A, or the two events are
spacelike separated. All classical and relativistic frameworks describe physical
phenomena against this fixed causal background, assuming that the spacetime
composition of events is well-defined and globally consistent.

However, a central line of inquiry in approaches to quantum gravity ques-
tions this assumption. In particular, classical spacetime lacks the capacity to
incorporate superpositions of causal structures, a phenomenon naturally sug-
gested by the principle of superposition in quantum mechanics. Lucien Hardy,
in [9, 10], was among the first to formalize this idea, proposing a framework that
accommodates superposed spacetimes.

Building on this idea, Oreshkov, Costa, and Brukner introduced the frame-
work of process matrices in [11], which generalizes standard quantum theory
to allow for indefinite causal order. In this framework, causal relationships
between events are not necessarily fixed and can exist in quantum superposi-
tion. They also derived causal inequalities, which serve as constraints that any
theory with definite causal structure must satisfy. Violations of these inequal-
ities—possible within the process matrix formalism—indicate the presence of
genuinely non-classical causal relations.

A particularly striking example is the quantum switch, introduced by Chiri-
bella et al. in [12]. A quantum switch consists of a control qubit in a superposition
state, effectively determining the order of two quantum operations in a coherent
manner. This is a concrete demonstration of indefinite causal order and shows
that quantum theory, when extended appropriately, admits such non-classical
compositions of operations and events.

Given the growing interest in indefinite spacetime composition and its poten-
tial role in a unified theory of quantum gravity, a natural question arises: What
novel information-theoretic tasks become possible in such frameworks—tasks
that are impossible under fixed causal structures?

In Chapter [5], we address this question by introducing an information-
theoretic task termed the Data Retrieval Task. We show that when multiple
spacetime regions are composed in an indefinite manner, this composition can
provide a fundamental advantage in accessing information that would otherwise
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remain inaccessible under conventional spacetime structures. This result fur-
ther underscores the deep interplay between causal structure and information
processing in the search for a more complete theory of nature.

When analyzing statistical properties of composite quantum systems, one
naturally encounters the notion of entanglement at the measurement level. A
paradigmatic example arises in quantum information protocols such as quantum
teleportation and superdense coding, both of which rely on a measurement in
the Bell basis—an orthonormal basis composed entirely of maximally entangled
states. These protocols demonstrate the operational significance of entangled
measurements in harnessing the full potential of quantum resources.

In a notable result, Bennett et al. [13] constructed a composite system mea-
surement that, while consisting solely of product (i.e., non-entangled) eigenstates,
cannot be implemented by performing local measurements on each subsystem in-
dividually. This illustrates that even in the absence of entanglement at the level
of measurement eigenstates, the measurement itself may still exhibit nonlocal
behavior in terms of implementation. This raises a foundational question: What
additional resources, when supplemented with local operations, are necessary to
simulate such measurements?

Measurements of this kind often emerge in quantum network scenarios,
where multiple independent senders transmit quantum states to a common
receiver. The receiver, in turn, may wish to extract global (i.e., composite) infor-
mation by performing a joint measurement across all received systems. Given
the practical constraints and theoretical interest, it becomes pertinent to ask:
Can certain quantum channels in such networks be substituted with classical
channels without loss of functionality? Moreover, what are the limitations if the
receiver is restricted to performing only trivial composite measurements, i.e.,
measurements that are effectively local in nature?

These questions motivate the study undertaken in Chapter [6], where we an-
alyze the simplest nontrivial network configuration comprising two independent
senders and a single receiver. Our goal is to investigate the extent to which one
of the quantum channels connecting a sender to the receiver can be simulated
using classical communication, while retaining a quantum channel between the
other sender and the receiver. This minimal scenario serves as a foundational
model to explore the interplay between classical simulation of quantum channels
and composite measurements.
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1.2 Brief Outline of the Thesis:

Chapter [2] introduces the essential preliminaries and mathematical tools
that are extensively used throughout the subsequent chapters.

Chapter [3], based on the work in [14], investigates the role of composi-
tion in time-like correlation experiments, analyzing how composition of
quantum systems in the context of general probabilistic theories can lead
to post quantum correlations depending on the composition.

Chapter [4], based on [15], explores the nonlocal features of composite
systems within composite polygon systems studied widely in the framework
of Generalized Probabilistic Theories (GPTs). The chapter discusses the
foundational implications of the spacelike correlations that arise from such
composite structures.

Chapter [5], based on [16], presents an information-theoretic task de-
signed to contrast causal and noncausal processes. It is shown that certain
processes lacking any causal interpretation outperform those constrained
by definite causal order.

Chapter [6], based on [17], addresses the question of whether a quantum
channel can be classically simulated in general network scenarios. A no-go
theorem is established, demonstrating that such a classical substitution is
fundamentally impossible in general cases.

Chapter [7] summarizes the main findings of the thesis and outlines
possible directions for future research.



Chapter 2

Preliminaries

2.1 Quantum Theory

Until the early 20th century, classical physics—embodied by Newtonian me-
chanics and Maxwell’s equations—provided a remarkably successful framework
for explaining a wide range of physical phenomena. However, a growing body
of experimental evidence began to reveal fundamental discrepancies that clas-
sical theories could not resolve, ultimately leading to the birth of quantum
mechanics. The journey began with Planck’s study of blackbody radiation in
1900, which introduced the revolutionary concept of energy quantization. This
was soon followed by Einstein’s explanation of the photoelectric effect in 1905,
which demonstrated the particle-like behavior of light and further challenged
the classical wave theory of electromagnetism.

Subsequent experiments continued to expose the inadequacy of classical
physics. Bohr’s atomic model (1913) and the Franck-Hertz experiment (1914)
provided compelling evidence for discrete atomic energy levels. Compton scat-
tering (1923) confirmed the momentum transfer associated with photons, while
the Stern-Gerlach experiment (1922) revealed the quantization of angular mo-
mentum, or spin. Wave-particle duality—a central feature of quantum me-
chanics—was experimentally verified through the Davisson-Germer electron
diffraction experiment and the electron double-slit experiment, both conducted
in 1927.

The philosophical implications of quantum theory were brought to the fore-
front by the EPR paradox (1935), which questioned the completeness of quantum
mechanics. Bell’s theorem (1964), and its experimental validation by Aspect and
collaborators in the 1980s, established the phenomenon of quantum entangle-
ment, challenging classical notions of locality and realism.
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Concurrently, the theoretical framework of quantum mechanics was being
rigorously developed. De Broglie’s hypothesis (1924) extended wave-particle
duality to matter, Heisenberg (1927) introduced the uncertainty principle, and
Schrodinger (1926) formulated wave mechanics. Dirac’s work (1928) unified
quantum mechanics with special relativity and predicted the existence of anti-
matter, while Feynman’s path integral formalism in the 1940s revolutionized
quantum electrodynamics and provided new computational tools.

To place quantum theory on a firm mathematical footing, von Neumann
and Hilbert introduced an axiomatic framework that defined quantum states,
observables, and their evolution within the structure of Hilbert space. Their
formulation established a consistent and rigorous foundation for quantum me-
chanics, which we now proceed to define formally in the following subsection.

2.1.1 Postulates of Quantum Mechanics

* Postulate I: Associated to any isolated physical system S is a complex
vector space with inner product (that is, a Hilbert space). The Hilbert space
denoted by H is always taken to be separable i.e. of countable dimension.
All properties of the system are completely described by a density operator
acting on the associated Hilbert space.

Definition 1. Positive semi definite operator: A linear operator P : H —
H is called a positive semi definite operator if any of the following equivalent
conditions hold:

- (VIPly) =0V |y) € H.

- P =P" and all eigenvalues of P are nonnegative.

If we have (y|P|y) > 0V |y) then the linear operator is termed positive
definite. We refer to positive semi definite operators simply as positive
operators. If needed the definiteness condition is explicitly mentioned.
For notational convenience we denote a positive semi definite operator or
positive definite operator by writing P > 0 or P > 0 respectively.

Definition 2. Density operator: A positive operator p is termed as a
density operator if Tr[p] = 1.

Although elementary texts in quantum mechanics state that the state is
completely described by a unit vector |y) in the Hilbert space H, this notion
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of describing states does not capture the full description of the state as it is
indeed completely reasonable to ask what is the the associated state for a
system which is prepared in a mixture of two separate states |y) and |y/).
To deal with such cases one shifts to the notion of density operators. This
gives rise to the concept of pure and mixed states.

Definition 3. Pure state: A density operator p is said to be a pure state if
it cannot be written as a convex mixture of other density operators. Math-
ematically p =Y, pip; implies p; = p V i. Here {p;}; denotes a probability
vector. Equivalently we can also write p = |y) (y| for some unit vector |y) or
p?2=porTrp? =1

A density operator that is not pure is termed as a mixed state. In such
cases we can decompose this density operator as convex mixture of other
pure states. For mixed states we have p —p? > 0 or Tr[p?] < 1.

Postulate II: The evolution of a closed quantum system is described by a
unitary transformation % .The action of % on a arbitrary state p is given
by: % (p) = UpUT,where U is a unitary operator acting on H. That is, the
state p of the system at time 7, is related to the state p’ of the system at
time t, as p’ = UpU" where U depends only on the times #; and 1.

Postulate II states that a system must be closed, with no external interac-
tions. While all real systems interact with the environment to some extent,
many can be approximated as closed and follow unitary evolution. Any
open system can also be seen as part of a larger, closed, unitarily evolving
system. Later, we will introduce tools to describe open system dynamics.

Closed quantum systems evolve unitarily, but interactions with measure-
ment devices make the system open, breaking this unitary evolution. Pos-
tulate 3 explains how measurements affect quantum systems.

Postulate III: Quantum measurements are described by a collection {M,,}
of measurement operators acting on H. The index m refers to the mea-
surement outcomes that may occur in the experiment. If the state of
the quantum system is p immediately before the measurement then the
probability that result m occurs is given by the Born’s rule

p(m) = Te[M,,pM]'] 2.1)
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and the updated state after the measurement is given by

M,,pM,
p(m)

Pm = (22)
Since Y, p(m) =1V p we must have the following completeness relation
for {M,,}

Y MM, =1 (2.3)

where I denotes the identity operator acting on H.

Projective Measurements: An interesting special case for measurements
which are widely used are known as Projective Measurements. If all
measurement operators {M,, } project onto orthogonal subspaces, then such
a measurement is termed as a projective measurement. Mathematically,
we have M,,M,, = 0,,,M,, ¥ m,n.

POVM Measurements: Postulate 3 of quantum mechanics covers two
aspects: the probabilities of different measurement outcomes and the
post-measurement state of the system. In many cases, such as single-
measurement experiments, only the outcome probabilities matter. For
these situations, the POVM (Positive Operator-Valued Measure) formalism
provides an effective mathematical tool. Although derived from Postulate 3,
POVMs are elegant and widely used, which warrants separate discussion.

If we define E,, = M, M,,,, then the outcome statics can be represented just by
using the positive operators E,,, such as p(m) = Tr[M,,pM] = Tt[E,p] (from
the cyclic nature of the trace). However, note that the post-measurement
state cannot be uniquely defined from E,, as given a particular E,, for a
fixed m we might have multiple measurement operators M,,,M,,, M)/ --- such
that we have E,, = M{ M,, = MM/, = M"""M" . ... Also, it is evident that any
such operator must be positive as: (Y|E,|v) = (y|M/ M, |w) >0 Y m,|y).
Keeping this in mind, a formal definition for POVM Measurements can be
given as follows.

Definition 4. POVM Measurements: A collection of operators {E,,} is a
POVM measurement if E,, > 0V m and we have the completeness relation

Y En=1L
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For a composite quantum system consisting of two or more distinct physical
systems, we need a way to describe its overall state. The following postulate
explains how the state space of the composite system is constructed from
the state spaces of its individual components.

¢ Postulate IV: Given two systems, S; and S,, with associated Hilbert
spaces H; and H, respectively, the Hilbert space of the composite quan-
tum system,Hcomp, is defined as the tensor product of the individual Hilbert
spaces: Heomp = H ® H>.

While some argue that the above postulate lacks full justification, and
alternative formulations of quantum theory such as the operator alge-
bra framework relax this assumption, we will adhere to this postulate in
this thesis. For most systems, particularly finite-dimensional ones, this
formulation is sufficient to accurately describe composite quantum systems.

Nearly all physical phenomena can be described using the four postulates
outlined above. We now turn our attention to finite-dimensional quan-
tum systems, focusing specifically on the quantum analogue of a classical
bit—the qubit.

2.1.2 Finite dimensional classical and quantum systems

Here we review some basic facts about finite dimensional quantum systems
which serve as the quantum analogue of finite dimensional classical system. A
(d < =) dimensional classical system simply corresponds to d perfectly distin-
guishable states of the system. For instance d = 2 can correspond to the state of
a coin more formally known in the information theory community as a bit. The
only pure states for such a coin are heads and tails. We can also have convex
mixtures of such states such as a coin prepared in heads state with probability p
and in tails state with probability 1 — p. Geometrically the state space of such a
coin represents a segment p € [0, 1] laying in R. Another example in that of a 6
sided dice where the most general state can be represented as a probability vec-
tor (p1,p2,--+,ps)! denoting the probabilities of preparing the dice in the states
{1,2,---,6} respectively. A dice represents a 6 dimensional classical system with
it’s state space being isomorphic to a 5 dimensional simplex embedded in R>.
The formal definition for a d dimensional classical system is given as

Definition 5. d Dimensional classical system: A d dimensional classical
system has d perfectly distinguishable pure states denoted by {s,-}f’z_ol. Any mixed
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state can be expressed uniquely as a convex mixture Zflz_ol pis; or simply as a prob-
ability vector (po,p1,---,pa—1)!. The state space of such a system is isomorphic to
a d— 1 simplex embedded in R~

The quantum analogue of a d dimensional classical system is a system whose
associated Hilbert space is d dimensional. We represent this complex d dimen-
sional Hilbert space as C?. As said above a d dimensional classical system
consists only of d perfectly distinguishable pure states, so at first it might feel
unnatural to associate it with a quantum system C¢ consisting of uncountably
many pure states |y). The reason for this is that although the system associated
to C? has uncountable pure states it only consists of d perfectly distinguishable
states (see also subsection [2.1.5]). We now move to one of the most profound
results in Quantum theory:

Distinguishability of quantum states

Theorem 1. Non orthogonal quantum states cannot be distinguished perfectly.
More precisely, |w1),|ws) € C? are perfectly distinguishable iff (yi|y,) = 0.

Proof. To distinguish |y;) and |y,) we have to perform a 2 outcome measurement
on the given state. If we observe the first outcome we infer that the given state is
|y1) and similarly if we observe the second outcome we infer that the given state
is |yz). To distinguish the states perfectly we require that the probability for
getting the outcome i given the state is |y;) to be p(i||y;)) = 0;;. Where p(i||y;))
denotes conditional probability. As we are only worried about the statistics of the
outcomes we can use the POVM formalism and we assume we have two POVM
elements {7, m} with m; + m =1 such that p(m||y;)) = (y;| 7 |y;) = ;. Since
(y1|m |y1) =0 we must have m; = |y;) (1| + P;, with P; > 0 as the I contains the
projector |y) (| but m, doesn’t. Similarly we must also have m, = |y») (v | + P,
with P, > 0. Considering the completeness relation we get:

v (il +w2) (wo| + P+ P =1
(il (Jvr) (v |+ [v2) (va | + P+ P2) |yr) = (yr [T yn)
L+ [y [w2) [P+ (wi| (P +P2) [w) = 1 (2.4)

The above equation can be satisfied iff (y1|y,) = 0 as both quantities | (y1|y,) |?

as well as (y1| (P + P>) |y1) are always nonnegative. This completes the proof. [J
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Theorem[1] establishes that even though a d dimensional quantum system
contains uncountable pure states at most d of them can be mutually orthogonally
with each other and thus perfectly distinguishable.

We now move to another well established result by Wootters and Zurek[18].

The No Cloning Theorem

Theorem 2. Unknown quantum states cannot be cloned.
Proof. We start by assuming that a universal cloning machine exists. This
cloning machine can be modelled as a Unitary operator which takes an unknown

quantum state |y) as input along with a blank state |B) and outputs two copies
of the state |y). Thus we have

U(ly)@1B)) =ly)@ly) ¥ |y) (2.5)

Now consider a quantum state |+) = —=(|0) + |1)) created from equal superposi-

=5l

tion of two orthogonal states |0) and |1). From linearity of U, have

U(l+)@B)) = —=[U(|0)®[B)) +U(]1) ©|B))]

[10)@[0) +[1) @ [1)] # |+) @ |+) (2.6)

SIS

2

As we arrive at a contradiction such a cloning machine U does not exist. This
completes the proof. O

Theorem [1] and Theorem [2], despite appearing entirely unrelated, are in
fact equivalent. If it were possible to clone non-orthogonal quantum states,
one could distinguish them by generating arbitrary copies of the given state
and performing measurements. Conversely, if distinguishing non-orthogonal
quantum states were feasible, one could clone them by first identifying the state
and subsequently preparing an arbitrary number of identical copies.

In the following subsection, we examine the simplest finite-dimensional quantum
system: the qubit.

2.1.3 The qubit

The simplest quantum system corresponds to a two-dimensional complex Hilbert
space, denoted as C2. In this section, we formally derive the most general state
for such a system. The dimension of a quantum system refers to the dimension of
its associated Hilbert space. Since the density operator for a qubit acts on C?, it
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is naturally represented as a 2 x 2 complex matrix. The Pauli basis of operators
plays a crucial role in expressing any such operator efficiently:

00:10-01:01-02:0_i-c3:10.
0 1)’ 1 0/ i 0) 0 —1

Here, 6" represents the identity operator I, while { o'}, correspond to the Pauli
operators, often denoted as o,,0, and o;. (The i appearing in o is the square
root of —1 and shouldn’t be confused with i used to refer the pauli matrices.
In most cases we simply use o2 instead of explicitly writing the matrix so this
confusion does not arise.) The traceless Pauli operators {c' ?:1 will be labeled
using lowercase English letters such as i, j.k---. In contrast, the full set of four
Pauli operators {6“}z:0, including the identity, will be indexed using Greek
letters such as u,v,,B,---, following a notation convention analogous to the
Einstein convention in special and general relativity.
The most general density operator p for a qubit system can be expressed as

1 3
p=3 Y nyo*, with n,eC. 2.7)
u=0

The factor of % is introduced for notational convenience. By imposing the con-
straints p = p' (hermiticity) and Tr[p] = 1 (unit trace), we obtain no = 1 and n; € R
for all i. Furthermore, to ensure the positivity of p, we evaluate its eigenvalues
and impose that they must be non-negative. The eigenvalues of p are given by

1
;tizi[li\/n%—{—n%%—n%} (2.8)

For convenience, we define a real vector 7 := (n,n3,n3)7 € R’. Imposing the
positivity condition A. > 0, we obtain y/n?+n3+n3 = |ii| < 1. This provides a
useful geometric interpretation of the state space of a qubit system. All vectors
it € R3 satisfying |7i| < 1 lie within a ball centered at the origin (0,0,0)”, which is
formally known as the Bloch ball. The vector 7 is referred to as the Bloch vector
of the state. The density matrix can then be rewritten in terms of the Bloch
vector as

1 , : L e
pﬁZE[H—Fﬁ‘G], with 7.6 =) no'. (2.9)
i=1
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Thus a unit radius ball in R? centered at origin serves as an important geometric
representation of the state space of a qubit system.

2.1.4 Composite Quantum Systems and the concept of entanglement

Another striking and counterintuitive phenomenon in quantum theory is quan-
tum entanglement. Consider two quantum systems, denoted as S; and $;, with
their respective Hilbert spaces H; and H,. According to Postulate IV of quantum
mechanics, the Hilbert space associated with the composite system is given by
Heomp = H) ® Hy. The postulates of quantum mechanics imply that there exist
quantum states in Heomp that cannot be expressed as a tensor product of a state
in H, and a state in H,. This phenomenon, known as quantum entanglement,
signifies a nontrivial correlation between subsystems that has no classical analog.
To formalize this concept, we introduce the notion of a separable state.

Definition 6. Separable state: A density operator pi, acting on Heomp = H1 ® H>
is called Separable if it can be expressed as a convex mixture of tensor product
states in Hy and H,. Mathematically

P12 :Z Di pi ®pé withp; >0V iand Zpl' =1 (2.10)

where pi and p} are density operators acting on Hy and H, respectively.

The subscripts appearing under the operators will be used to denote which
Hilbert space they act on. Here p;, denotes that it acts on the composite Hilbert
space. Now we are in a position to define the notion of an entangled state:

Definition 7. Entangled state: A density operator pi, acting on Heomp = H) @ H,
is said to be entangled between the Hilbert spaces H; and H, if it cannot be
expressed in a Separable form mentioned in Eq.(2.10).

Examples of entangled states

The most common examples of entangled states that one might come across
are the well known Bell states. The Bell states is the simplest form of pure
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entanglement between two qubit systems. They are mentioned below:

B%) = |g+) = 7[|o>®|o>+|1>®|1>] ©.11)
By = o) = %no>®|o>—|1>®|1>1 (2.12)
1) = [yt = %no>®|l>+|l>®|o>] (2.13)
1 1

BY) =1y = [0} @ 1) = o) © 1) (©.14)

The above four Bell states (sometimes also refereed to as maximally entangled
states) form a orthonormal basis for the two qubit Hilbert space and thus the set
of projectors {|f*1"2) (B1*2[},, 1 (0,1} also constitutes a projective measurement
on the two qubit Hilbert space. The Bell Basis measurement plays a crucial
role in information theoretic tasks such as Superdense coding[19] and Quantum
teleportation[20] which is discussed in subsequent subsection[2.1.6].

2.1.5 Holevo’s theorem

Holevo’s theorem is a fundamental result in quantum information theory, a field
at the intersection of physics and computer science. Often referred to as Holevo’s
bound, it establishes an upper limit on the amount of classical information that
can be extracted from a quantum system, known as accessible information. This
theorem was first formulated by Alexander Holevo in 1973[21].

Before moving to Holevo’s theorem we first define some preliminary quantities
from classical information theory namely the Shannon entropy and Mutual
Information.

Definition 8. Shannon entropy: The Shannon entropy of a discrete classical
random variable x € X generated with probability distribution {p(x)} is defined
as

— Y p(x)logp(x

xeX

It quantifies the average amount of uncertainty or information contained in the
distribution of X.

Definition 9. Mutual Information: The mutual information between two
discrete random variables X and Y with joint probability distribution p(x,y) is
defined as

I(X:Y)=HX)+H(Y)-H(X,Y),
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where H(X) and H(Y) are the Shannon entropies of X and Y, and H(X,Y) is the
joint entropy. The mutual information quantifies the amount of information
shared between X and Y, measuring how much knowing one variable reduces
uncertainty about the other.

Now we are in a position to state the statement of Holevo’s theorem.

Theorem 3. Let X be a classical random variable with probability distribution
{p(x)}, and let {py} be a set of quantum states associated with X such that the
ensemble is given by

p =Y px)p:

If a measurement is performed on p to extract classical information about X, then
the mutual information between the classical variable X and the measurement
outcome Y satisfies the bound

I(X:Y)<S(p) =) p(x)S(py),

where S(p) = —Tr(plogp) denotes the von Neumann entropy.

The proof of Holevo’s theorem is not included here; however, due to its
fundamental importance, the theorem is stated in this thesis. The Holevo bound
asserts that while n qubits can encode a larger amount of classical information
due to quantum superposition, the maximum amount of classical information
that can be extracted through measurement is strictly limited to at most »
classical bits.

2.1.6 Superdense coding and Quantum teleportation
Superdense coding

As previously mentioned, a single qubit can transmit an unbounded amount of
classical information due to quantum superposition, though this information
cannot be reliably decoded. However, if the sender and receiver share a pre-
established Bell state, such as |¢ "), it can be demonstrated that the sender can
transmit two classical bits of information by physically communicating only one
qubit. This counterintuitive phenomenon, which has no classical counterpart, is
aptly referred to as superdense coding [19] devised by Bennett and Wiesner in
1992. The protocol is as follows:
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Step 0: The sender say (Alice) and the reciever say (Bob) start by sharing a two
qubit state |9 ), 5. The suffixes A and B denote the qubit held by Alice and
Bob respectively.

Step 1: If Alice wishes to send two bits of classical information (x1,x;) € {0,1}*? to
Bob she applies a suitable unitary operation U**2 on her qubit. These four
unitaries are taken as{U" = ¢°,U"! = 63,U'" = 6!, U'! = 6?}. As Bob does
nothing in this step his action can be denoted as a I unitary on his qubit.
The updated state between Alice and Bob after application of this unitary
is given by:

Uy @107 ) a5 = B"")sp (2.15)

Step 3: Next Alice physically sends her qubit to Bob’s laboratory.

Step 4: Bob now performs the Bell Basis Projective measurement on the two qubits
given by {P,5” = [B"72) 15 (B"?|},, y,c{0,1}- This measurement is possible for
Bob to implement as he has access to both the qubits in his lab.

Step 5: The probability that Bob gets the outcome y,y, given that Alice applied the
unitary U**2 is given by:

P(y1y2lxixg) = Te[Py? [B12) 4 (B2 ] = Oy, Suyy, (2.16)

It is clear that Bob’s measurement outcome will satisfy y;y, = x;x, and hence
Alice has communicated two bits of classical information successfully.

This represents a significant shift in perspective from classical physics, as it
demonstrates that qubit communication, when supplemented with preshared
entanglement, can double its classical information-carrying capacity. At this
stage, one might critique this result by suggesting that the preshared entangle-
ment itself is responsible for the increased communication capacity—perhaps
entanglement alone possesses the ability to transmit classical information. How-
ever, this is not the case. As we will explore in Section [2.3.1], despite being a
highly nontrivial resource, entanglement has no intrinsic communication utility.
This further underscores its peculiar nature: while entanglement alone cannot
facilitate communication, it can enhance qubit communication when shared
between the sender and receiver. Next we demonstrate the phenomenon of
Quantum teleportation which is very closely related to superdense coding.
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Quantum teleportation

Imagine that a sender, Alice, wishes to physically prepare a pure qubit state
ly) € C? in the receiver’s (Bob’s) laboratory. A straightforward approach would be
for Alice to prepare the qubit state |y) and physically transmit it to Bob, which
necessitates the availability of a quantum communication channel. While this
method is effective, we consider the scenario where such quantum communica-
tion is not available.

To circumvent this limitation, Alice might attempt to send classical informa-
tion regarding the Bloch vector representation of |y), allowing Bob to reconstruct
the state. However, this approach requires Alice to communicate an unbounded
amount of classical bits, as the Bloch vector can take infinitely many possible
values. While unbounded classical communication is impractical, Bob can still
prepare approximate states close to |y) with finite classical communication, and
increasing the amount of classical communication improves the precision of his
approximation. This task is widely known as remote state preparation, which
will be discussed in greater detail in Chapter [6].

To formally define the task of quantum teleportation, let us introduce a third
party, Charlie, who wishes to prepare a pure qubit state |y) € C? in Bob’s labora-
tory. However, Charlie is unable to communicate with Bob—either classically
or quantumly—but is aware that Alice has the capability to do so. Crucially,
Charlie does not wish to disclose the identity of |y) to Alice. Instead, relying on
Holevo’s theorem [3], Charlie prepares the state |y) and sends the qubit to Alice.
Since Alice cannot perfectly determine an arbitrary quantum state from a single
copy, she can extract at most one bit of information about |y). Any attempt to
measure the state to gain information would disrupt it, preventing successful
state preparation in Bob’s lab. Furthermore, as Alice lacks access to a quantum
communication channel, directly forwarding the qubit to Bob is not an option.
Under these conditions, it appears that Alice is unable to successfully transmit
the state.

This is where the peculiar properties of quantum entanglement become
crucial. If Alice and Bob share a maximally entangled Bell state, say [¢*), it
becomes possible for Alice to implement a protocol that enables Bob to reconstruct
|w) with only two bits of classical communication. Remarkably, as intended by
Charlie, Alice remains completely ignorant of the identity of |y) if she follows
the protocol to perfectly reconstruct the state in Bob’s lab. This groundbreaking
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protocol was introduced in 1993 by Bennett, Brassard, Crepeau, Jozsa, Peres,
and Wootters in [20]. The protocol proceeds as follows:

Step 0: Alice (sender) and Bob (receiver) begin by sharing a maximally entangled

two-qubit state |¢ ) ,5. The qubit state given to Alice by Charlie is denoted
as |y)c.

Step 1: After receiving the qubit from Charlie, Alice performs a Bell basis measure-

ment on qubits A and C.

Step 2: The post-measurement three-qubit state, corresponding to the four possible

measurement outcomes {|¢=) (9|, |y™) (y*|}, is given by:

0T (0T == [0 ac @S W), [07)(97| = [ )ac®0 W)y,
W) (W =y et W), W) (W= [y ) e @02 y)p.

Step 3: Alice communicates the measurement outcome to Bob using two classical

bits.

Step 4: Since the state at Bob’s end is always a Pauli-rotated version of |y), Bob,

upon receiving Alice’s message, applies the corresponding Pauli correction
unitary ¥ to recover the state |y); in his laboratory.

As we can see, Alice gains no knowledge about the state |y), ensuring that
the protocol adheres to Charlie’s requirement of secrecy. This seminal result
demonstrates that although two bits of classical communication from Alice to
Bob can only convey one bit of classical information about |y), the presence of
pre-shared entanglement enables Alice to perfectly recreate the quantum state
in Bob’s laboratory—even when the identity of |y) is unknown to her.

2.1.7 Open system dynamics via Quantum Channels

Postulate II describes the unitary evolution of closed, isolated quantum systems.
However, most physical systems inevitably interact with their environment,
necessitating a framework for understanding state transformations in such
scenarios. This study falls under the domain of open quantum system dynamics,
where these transformations are mathematically modeled as quantum channels
acting on the system’s state. We begin by introducing relevant notations and
preliminary definitions, which will be used extensively throughout this thesis.
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Z(H): The set of all linear operators acting on H.

% (H): The set of all bounded linear operators acting on H.

' (H): The set of all bounded Hermitian operators acting on H.

Z(H): The set of all bounded positive operators acting on H.

2(H): The set of all density operators acting on H.

For any Hilbert space H, the following strict set inclusion relation holds:
YH)C PH)CHH)CAH)C ZX(H). (2.17)

In most applications, we focus on the set of bounded operators.

Definition 10. Linear map: A map A : #(H;) — $(Hp) is called linear if, for
all Bi,B; € @(H[) and c1,C € C,

A(C131 +6232) = ClA(Bl) + CzA(Bz). (2.18)

The indices I and O represent the input and output Hilbert spaces associated
to A. As we are primarily interested in transformations that preserve quantum
states. Not all linear maps correspond to physically realizable state transfor-
mations, as a state p could be mapped to an operator that is not positive. To
address this, we introduce the notion of positive maps.

Definition 11. Positive map: A linear map A : B(H;) — B(Hp) is called positive
if
A(P) € <@([‘10) VP e <@([‘Ij) (2.19)

While positive maps ensure that positive operators remain positive, an unex-
pected phenomenon arises when applying a positive map to part of an entangled
state: some positive maps may yield non-positive operators. Since practical
quantum processes often involve transformations on subsystems of entangled
states, this behavior is unphysical. To resolve this, we define completely positive
(CP)maps.

Definition 12. Completely positive map: A linear map A : B(H;) — %(Hop) is
said to be completely positive if, for any auxiliary Hilbert space H,,,, the extended
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map idg, @ A is also positive, i.e.
idyx QA(P) € Z(Hyx @Hp) VP € P (Hyyx @ Hp) (2.20)

where idy, : B(Haux) — PB(Hyx) denotes the identity map.

Finally, we require that normalized quantum states remain normalized un-
der transformations. This leads to the definition of completely positive trace-
preserving (CPTP) maps, also known as quantum channels.

Definition 13. Trace preserving map: A linear map is called trace preserving

if
Te[A(B)] = Tt[B] V¥ B € B(H)). (2.21)

Definition 14. Quantum Channel: A quantum channel is a completely positive
map A : B(Hp) — B(Hp) which is also trace preserving.

The trace-preserving condition along with complete positivity ensures that
quantum states remain valid quantum states after transformation and thus
quantum channels can be regarded as physical transformations of quantum
states.

Kraus operator representation of a Channel

The Kraus operator representation first noted by Sudarshan[22] and later also
by Kraus [23] provides a general mathematical framework for describing the
evolution of quantum states under quantum channels. Given a quantum channel
A: PB(H;) — $(Hp), its action on a density matrix p can be expressed as

Ap) = ZK,-pKJ‘, (2.22)

where {K;} are the Kraus operators satisfying the completeness relation

Y KK =1,. (2.23)

1

here I; denotes the identity operator acting on H;. The completeness condition
ensures trace preservation of the quantum state. The Kraus representation is
widely used in quantum information theory to model decoherence, noise, and
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generalized measurements. It captures all physically valid quantum opera-
tions, including unitary evolution, projective measurements, and open-system
dynamics induced by interaction with an environment.

Stinespring representation of a Channel

The Stinespring representation provides an isometric description for quantum
channels. It states that any quantum channel A : Z(H;) — %(Hyp) can be realized
as

A(p) = Trx [vaq , (2.24)

where V : Hf — Hp ® Hg is an isometry satisfying V'V =I;, and Trg denotes
the partial trace over an auxiliary Hilbert space Hr (the environment). This
representation models quantum channels as arising from unitary evolution on
a larger system followed by discarding environmental degrees of freedom. The
Stinespring representation is instrumental in studying noise, quantum error
correction, and purification protocols in quantum information theory.

Choi Jamiolkowski Isomorphism

Choi [24] and Jamiolkowski [25] established a one-to-one correspondence be-
tween a linear map A : #(H;) — %(Hp) and operators acting on the composite
Hilbert space H; ® Hyp. More formally, given any linear map, we can define its
Choi matrix J, as

Jp = id @ A(PT), (2.25)

where ®* denotes the unnormalized projector onto the maximally entangled
state, given by

di—1

=Y i) (jl®li){ (2.26)

i,j=0

with {|i>}l‘.1; 61 being an orthonormal basis of H; (where d; is the dimension of Hj).
The map id in Eq.(2.25) acts on a Hilbert space isomorphic to H;. Since Eq. (2.25)
represents an isomorphism, it is possible to reconstruct the linear map from its
Choi matrix. This reconstruction is given by:

A(B) ="Tr; [(B" ®@1)JA] - (2.27)
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To better understand the underlying mathematical structure of the Choi-
Jamiolkowski (CdJ) isomorphism, we first introduce the following notations:

* LM(H; — Hp): The set of all linear maps A : #(H;) — %(Hp).

PM(H; — Hp): The set of all positive maps A : Z(H;) — B(Hp).

CPM(H; — Hp): The set of all completely positive maps A : B(H;) — A(Hp).

TPM(H; — Hp): The set of all trace-preserving maps A : Z(H;) — B(Hp).
* QC(H; — Hp): The set of all quantum channels A : #(H;) — %(Hp).

The strength of the CJ isomorphism lies in its persistence across all the sets
mentioned above. While we do not introduce all the isomorphic sets here, it is
noteworthy that the CJ isomorphism also establishes a one-to-one correspon-
dence between CPM(H; — Hp) and & (H; ® Hp). Additionally, the trace-preserving
condition can be expressed succinctly for the Choi matrix as

Tl‘o[JA] = I[]. (228)

Thus, we arrive at an alternative definition of a quantum channel as follows:

Definition 15. Quantum Channel: A quantum channel is a linear map A :
PB(Hr) — #B(Hp) whose Choi matrix Ju satisfies

JA >0 and Tro[JA] = H]. (229)

With these tools at hand, we now introduce the concept of quantum in-
struments, which represent more general quantum operations than quantum
channels.

2.1.8 Quantum Instruments

As previously discussed, a quantum channel represents the most general trans-
formation of a quantum state. However, in practical scenarios, one may require
a transformation that not only evolves a quantum state but also yields a clas-
sical outcome. For instance, as outlined in Postulate III, a quantum measure-
ment necessitates describing both the classical outcome and the corresponding
post-measurement quantum state. These measurement operations are specific
instances of a more general concept known as a Quantum Instrument. A quan-
tum instrument permits the coarse-graining of some classical outcomes while
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preserving the distinction of others. In the extreme case where all outcomes are
coarse-grained, the instrument reduces to a quantum channel.

Mathematically, a quantum instrument, denoted by the bold symbol I, is
defined as follows:

Definition 16. Quantum Instrument: A quantum instrument 1is a collection
of completely positive (CP) maps {A,,} such that their sum constitutes a quantum
channel:

1= {Am | A € CPM(H; — Ho), with ¥ A, = A € QC(H; — Ho)} . (2.30)

where m labels the classical outcome associated with the quantum instrument.
The probability of obtaining the classical outcome m given an input state p is
determined by:

p(m|p) =Tr[An(p)], Vp € Z(H). (2.31)

Since Y, p(m|p) =1 for all p, it follows that the sum Y,, A, = A must define
a quantum channel. The corresponding post-measurement quantum state for
outcome m is given by:

o= 2mlP) D(Hp), Ym,p. (2.32)

p(m|p)
To elucidate the distinction between quantum measurements, quantum chan-
nels, and quantum instruments, we consider the following special cases:
Special Case (a): The requirement that A =Y,,A,, is a completely positive
trace-preserving (CPTP) map imposes the condition that each individual A,,
must be trace-non-increasing, meaning that:

Tr[Am(p)] = p(mlp) <Tr[p] =1, Vp € Z(Hj). (2.33)

If each CP map A,, admits a Kraus representation of the form A,,(p) = M,,pM},,
then the trace-non-increasing constraint requires that the operators M,, satisfy
M M,, <1I;. This formulation corresponds precisely to the notion of a quantum
measurement, as described in Postulate III.

Special Case (b): If the quantum instrument has only a single outcome
(sometimes referred to as a trivial outcome), it effectively reduces to a quantum
channel.
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Thus, a general quantum instrument I = {A,,} can be interpreted as a quan-
tum measurement wherein certain classical outcomes are coarse-grained. Math-
ematically, each A,, admits a Kraus representation:

An(p) =Y Ki,mpK; .. with YK K, . <I. (2.34)

im im

The overall action of the quantum channel is then given by:

AP)=Y Aulp) =Y. Y KipmpK] ., with Y'Y K K =1 (2.35)

m iy m iy

The concept of quantum instruments is fundamental in the formulation of
higher-order quantum theories, as discussed in Section [2.4].

2.2 General Probabilistic Theories

General Probabilistic Theories (GPTs) constitute a broad theoretical framework
designed to encompass a wide variety of probabilistic models, including both
classical and quantum theories as special cases. This framework allows for the
formulation of mathematically consistent theories that, in certain instances,
exhibit post-quantum phenomena. Some of these post-quantum effects lead to
counterintuitive or physically implausible consequences, thereby highlighting
the distinctive characteristics of quantum mechanics that underpin its remark-
able success in describing physical reality. Consequently, GPTs facilitate a
deeper understanding of the fundamental principles governing physical theories
by delineating the phenomena that are theoretically admissible and those that
are not expected to manifest in nature.

The GPT framework is sufficiently general to encompass all conceivable
probabilistic theories that employ states to determine measurement outcome
probabilities. Although the origins of this framework can be traced back to the
1960s [26, 27], it has recently gained renewed interest, particularly within the
field of quantum information theory [28—31]. Within this framework, a physical
system S is characterized by a triplet (Qg, &5, Ts), which respectively denotes its
state space, effect space, and transformation space.

2.2.1 Fundamental Components of GPTs

A GPT begins by defining an abstract system of interest, denoted as S. It is
postulated that any physical system must possess at least three fundamental
components:
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e State Space (Qg): The set of all possible preparations of the physical
system.

¢ Effect Space (&5): The set of all measurement effects that can be observed
in an experimental setting when interacting with the system.

* Transformation Space (75): The set of all valid transformations that
map any initial state to another permissible state within the theory.

Thus, any system S is fully specified by the triplet representation S :=
(Qs,85,Ts). In the following sections, we provide a more detailed exposition
of these fundamental components.

2.2.2 States, Effects and Transformations

We now formally define the three sets (Qgs, &%, Ts).

Definition 17. State Space: For a given system S, Qg denotes the set of nor-
malized states of the system, where a state is a mathematical object yielding
outcome probabilities for all measurements that can be performed on the system.
Generally, Qg is considered to be a compact convex set embedded in some finite
dimensional real vector space V, as it is natural to assume that if two states ®
/

and ®' in Qg can be prepared, then any arbitrary convex mixture pow+ (1—p)®
can also be prepared. The extreme points of this set are called pure states.

Definition 18. Effect Space: An effect ¢ is a map e : Qg — [0,1], where e(®)
denotes the probability of obtaining the outcome corresponding to effect e when a
measurement is performed on the state o € Qg. Effects are considered to be linear
functionals, satisfying e(pw+ (1 —p)@’) = pe(®)+ (1 —p)e(®@’) for all 0, € Qg
and p € [0,1]. A special effect, called the unit effect u, is defined as u(w) =1 for all
o € Qg. The set of all proper effects is denoted as &s={e|0<e(w) <1,V o € Qg}.
The effect space is embedded in the dual vector space V*. A measurement M is a
collection of effects summing to the unit effect, i.e, M= {e; € & | Y, e; = u}.

Definition 19. State and Effect Cones: It is sometimes convenient to work
with unnormalized states and effects. The set of unnormalized states forms a cone
Vi CV, where Vi = {ro | o € Qg,r > 0}. The set of unnormalized effects forms a
dual cone Vi C V*, where Vi = {e|e(w) >0, V o € Qg}. In this representation,
extreme effects can be further classified as ray extremal and non-ray extremal
effects. An unnormalized effect e € V] is ray extremal if it cannot be written as
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a conical mixture of other rays, i.e., e = loeg + Uie) with ep,e; € Vi and lo, g >0
implies ey = e; = e. We generally assume the ‘no-restriction hypothesis,” which
states that the set of possible measurements is the dual of the set of states [32].

Definition 20. Transformation Space: The set Tg consists of transformations
that map states to states, i.e., T(Vy) C Vy for all T € Ts. These transformations
are assumed to be linear to preserve statistical mixtures, i.e., T(po+ (1 —p)o') =
pT(0)+(1—p)T (o). We also demand Ts consists only of normalization-preserving
transformations, which satisfy T (Qs) C Qs.

2.2.3 Operational Dimension and Information Dimension

Definition 21. Operational Dimension: A set of states {w;} C Q is said to
be perfectly distinguishable if there exists a measurement M = {e; | Y;e; = u}
such that e;(w;) = ;. Given a system S = (Q,E), the maximum cardinality of a
set of states that can be perfectly distinguished is referred to as the operational
dimension of the system. It is denoted by OD(S).

Definition 22. Information Dimension: A set of states {®;} C Q is said to be
pairwise distinguishable if every pair of states (w;, w;) is distinguishable. Given a
system S = (Q,E), the maximum cardinality of a set of states that can be pairwise
distinguished is referred to as the information dimension of the system. It is
denoted by ID(S).

It is straightforward to observe that any set of states that are perfectly
distinguishable must also be pairwise distinguishable. Consequently, for any
system S, the inequality ID(S) > OD(S) holds. In the case where S is a quantum
system, any set of pairwise orthogonal states is necessarily mutually orthogonal.
Therefore, for quantum systems, the operational and information dimensions
are identical are are equal to the dimension of the associated Hilbert space. If
for a system S we have ID(S) > OD(S) then S is said to exhibit the phenomenon
of Dimension Mismatch.

From this point forward, we outline the method for describing the composition
of two systems within the GPT framework.

2.2.4 Composite systems

Given two systems A and B, the composite state space Q3 is embedded within
the tensor product space V4 ® Vz. While the choice of Q5 is not uniquely deter-
mined, it is constrained by the no-signaling principle and the local tomography
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postulate [28]. The no-signaling principle imposes the requirement that no
superluminal influence can exist between the various subsystems of a composite
system. On the other hand, the local tomography postulate asserts that, given
an arbitrary number of copies of a state, it is possible to fully determine the
state by performing local measurements on the subsystems and collecting the
resulting data. These constraints restrict the possible choices to two extreme
cases: the minimal tensor product space (®n,) and the maximal tensor product
space (®max) [33]. Formally, these are defined as follows:

Definition 23. Minimal tensor product: The minimal tensor product corre-
sponds to a composite state space that includes only separable states as valid
states in the composite theory. That is,

Q= {wAB =Y piwy @ | 0y €Q4, 03 €Qp, pi>0,Y pi= 1} : (2.36)

The corresponding effect space éj;‘g“ is determined under the assumption of the

no-restriction hypothesis.

Definition 24. Maximal tensor product: The maximal tensor product corre-
sponds to a composite effect space that includes only separable effects as valid
effects in the composite theory. That is,

max _ i i
Expg = {eAB :ZpieA®eB
i

el € &y, ey € Ep, pi >0, Zpizl}. (2.37)
l

The corresponding state space Q5" is determined under the assumption of the
no-restriction hypothesis.

With these structures in place, we are now equipped to formally interpret
quantum theory within the framework of Generalized Probabilistic Theories
(GPTSs). In the next subsection, we proceed with this analysis in detail.

2.2.5 Quantum Theory as a GPT

Consider a finite-dimensional quantum system S, associated with a Hilbert
space H. Within the framework of Generalized Probabilistic Theories (GPTs), Sp
can be represented as the triplet (Qs,,&s,,Ts,), defined as follows:

-Q'SQ = @(H), C%Q = {71' | Tc gZ(H) and 7 < ]IH}, TSQ = QC(H P—>H) (2.38)
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As we can see, in certain cases, the set of allowed transformations must be
further constrained to ensure that operations acting on one subsystem of an
entangled state map to valid quantum states. Notably, both the state and effect
cones in quantum theory are given by &(H), making quantum theory a self-dual
theory. In the following subsection, we describe how quantum systems compose
within the GPT framework.

2.2.6 Composition of Quantum Systems

As previously discussed, the principles of no-signaling and tomographic locality
impose constraints on the possible compositions of quantum systems, restricting
them to lie between the minimal and maximal tensor product spaces. Here, we
analyze the composition of two quantum systems, Sy, and Sg,, associated with
Hilbert spaces H; and H,, respectively.

Importantly, it is possible to construct compositions of quantum systems that
do not retain the self-dual structure of standard quantum theory. The minimal
tensor product composition in quantum theory corresponds to the Separable SEP
theory. Conversely, the maximal tensor product composition is referred to as
the SEP theory. These compositions can be formally defined in terms of their
associated state and effect spaces:

QSEP — {p, | p12 is a separable density operator € 2(H, @ H,)}, (2.39a)

&EP = {7T12 ’ 0 < Tr[mpp12) <1, Vp12 € QSEP}- (2.39b)

1

SEP
& = {71'12

my =Y 7 @5, where 7i{, w5 >0 and 0 < 75 < 1[12} . (2.40a)

QSEP — {Plz ’ 0 <Tr[mpppp] <1,Vmpye 5M7P} . (2.40Db)

It is important to note that the sets &SE? and Q5E? include certain non-positive
operators. Nevertheless, these operators still yield valid probability values when
evaluated on separable states or effects, respectively. The effect cone of &56F and
the state cone of Q5EP define a broader class of Hermitian operators that remain
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positive on product states, commonly referred to as POPT (Positive on Product
Test) operators.

In Chapter[3], we revisit the composition of quantum systems and analyze
the statistical properties emerging from such compositions in greater detail.

2.2.7 Polygon Models

This class of theoretical models was initially introduced in [34] to explore the con-
straints on statistics imposed by the structure of the local state space. Although
these models remain hypothetical, they have been the subject of numerous recent
investigations, leading to several nontrivial foundational insights into the math-
ematical and conceptual framework of Hilbert space quantum theory [35—41].
We denote such a system by &7, (n) = (Qn, 5, 7,), where n is a positive integer.

State Space:

For each elementary system, the state space Q, is represented by a regular
n-sided polygon. Equivalently, the state space can be described as the convex
hull of n pure states {w;}!_, C R3, given explicitly by

2mi
racos 5
w; = | rysin2Z |, where r, =+/sec(n/n). (2.41)
1

For n =1,2,3, the state spaces form simplices (classical), while for n > 4, new
structural features emerge. Specifically, for n > 4, certain mixed states admit
non-unique decompositions in terms of extremal points. In the limit where
the state space approaches a circular geometry, the pure states take the form
g = (cos0,sin0,1)T, with 8 varying continuously in the range [0,27].

Effect Space:
The effect space is constructed to ensure that the outcome probabilities, defined
as ¢;(w;) := e/ ®;, remain valid, i.e.,

0< e,-(a)j) <1, V(D]’ €Q,, e €8, (2.42)

Among the extremal elements of the convex effect space &,, two effects are
uniquely designated across all models: the null effect ® and the unit effect «,
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which are defined as
0:=(0,0,0), u:=(0,0,1)T. (2.43)

The remaining extremal effects {¢;}" ; and their complementary effects {¢,; :=
u—e;}? | are given by:

i-)rm
rncosT
€= rnsin@ , for even n, (2.44a)
1
. r,lcosz’%
e; 5 rnsinz’% , for odd n. (2.44b)

For even-sided polygons, the complementary effects ¢; are extremal and also
ray-extremal effects. However, in the case of odd-sided polygons, while ¢; remains
a ray-extremal effect, its complement ¢; does not exhibit ray-extremality. For
circular state spaces, the extremal effects are given by ¢; .= %(cos 0;,sin6;,1)7T,
with 6; € [0,27’6].

2.3 Spacelike and Timelike Correlation Experiments

When analyzing experiments involving composite systems within the spacetime
framework, two fundamentally distinct experimental scenarios naturally arise.
Consider a setting in which two agents, Alice and Bob, perform measurements
on separate subsystems, each held by one of them. The embedding of these
measurements within spacetime can occur in two distinct manners. Either the
two measurement actions are spacelike separated (see Fig. [2.1(b)]), implying
that no communication is possible between the agents during the experiment, or
they are timelike separated (see Fig. [2.1(a)]), where one action occurs strictly in
the causal past of the other.

Both of these scenarios have been extensively studied within the information
theory community. The statistical correlations observed by the two agents in
these settings are commonly referred to as spacelike correlations and timelike
correlations, respectively. A seminal result in this context is due to John Bell [1],
who demonstrated that nature cannot be described by a local realistic theory, a
conclusion derived from an analysis of spacelike correlations.
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A i A
- plalz,y) p(a,blz,y)

-

(a) (b)

F1G. 2.1 Timelike and spacelike correlations. (a) the preparation (blue) and measure-
ment (green) devices receive inputs x and y, respectively and finally an outcome
a is obtained. The correlation p(a|x,y) is called a timelike correlation. Whereas
in figure (b) correlations generated by spacelike separated measurement de-
vices acting on separate systems is shown. The correlation p(ab|xy) is called a
spacelike correlation

In recent years, the study of timelike correlations has garnered significant
attention, as evidenced by works such as [42—-46], among others. In this section,
we provide a brief overview of some key results pertaining to both spacelike and
timelike correlations, as they serve as foundational prerequisites for the work
presented in this thesis. We begin with a discussion of the phenomenon of Bell
nonlocality.

2.3.1 Bell Nonlocality

The Bohr-Einstein debate was a series of intellectual exchanges between Niels
Bohr and Albert Einstein concerning the fundamental nature of quantum me-
chanics. Einstein, skeptical of quantum indeterminacy, proposed a series of
thought experiments challenging the completeness of quantum theory, famously
asserting, “God does not play dice.” Bohr, in contrast, defended the Copenhagen
interpretation, arguing that quantum mechanics is inherently probabilistic and
that measurement influences the observed system. Their discussions culminated
in the examination of quantum entanglement, leading to the formulation of the
Einstein-Podolsky-Rosen(EPR) paradox [47]. This debate laid the groundwork
for subsequent developments in quantum information theory and Bell’s theorem,
which provided an experimental framework to test quantum nonlocality.

Bell’s theorem begins with an intuitive assumption about reality, derived
from our everyday experiences. As articulated by Bell, this assumption is
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termed local causality or local realism. It can be further decomposed into two
fundamental premises: realism and locality. To formally define these concepts,
we first establish the experimental scenario.

Consider a spacelike-separated experimental setup involving two parties,
Alice and Bob. Each independently selects experimental settings, denoted by
variables x and y, respectively, assuming complete free will in their choices.
The corresponding experimental outcomes are represented by a and b. The ob-
served joint statistics or correlations are described by the probability distribution
{p(ab|xy)}. We introduce a hidden variable A that deterministically governs the
measurement outcomes, assuming it is drawn from a prior distribution p (1) over
some abstract hidden variable space L.

The assumption of realism, or determinism, is formally stated as follows:

Definition 25. Realism: The hidden variable A fully determines the experimen-
tal outcomes of any measurement, i.e.,

p(ab|xyA) € {0,1}, VA €L,a,b,x,y. (2.45)

Furthermore, Bell incorporated the constraint of relativistic causality through
the assumption of locality:

Definition 26. Locality: The hidden variable A does not allow information
about one experimenter’s setting to influence the other experimenter’s outcome.
Mathematically, the marginal statistics satisfy:

plalxyd) = p(alxd), VA,a,x,y, (2.46a)
p(blxyAd) = p(blyA), VA,b,y,x. (2.46b)

These conditions ensure that any correlation {p(ab|xy)} satisfying both local-
ity and realism must be expressible in the factorized form:

plabley) = [ n(A)p(akd)p(blyA)di. (2.47)

Bell demonstrated that quantum mechanics predicts correlations that do not
satisfy this factorization, violating the assumptions of local realism. Correla-
tions that violate local realism are referred to as nonlocal or nonfactorizable
correlations.
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The 2022 Nobel Prize in Physics was awarded to Alain Aspect, John Clauser,
and Anton Zeilinger [2-5] for their experimental confirmation of nonlocal corre-
lations, validating Bell’s predictions. In the next section, we discuss one such
experimental realization: the XOR game.

The Simplest Bell Scenario and the XOR Game

Any experiment described in the above section is called a Bell scenario. The
simplest Bell scenario considers binary values for all classical variables x,y,a,
and b. This setup can be formulated as a game known as the XOR game. Here,
the referee provides Alice and Bob with random variables x and y. The referee
also ensures that the actions of Alice and Bob are space like separated and thus
they cannot communicate. The winning condition requires that their outputs
satisfy a(x) ®b(y) = xy.

For factorizable correlations, it can be shown that the success probability is
upper bounded by 3/4. However, a quantum strategy can violate this bound. The
protocol is as follows:

Alice and Bob preshare the Bell state |y ™). Their measurement outcomes are
given by the POVMs nj'x and nﬁ'y , defined as:

= []1— <_1>a\% {o° +<_1)x61}} | (2.48a)
m =2 [T+ (1) {80 +81,0') . (2.48D)

The resulting correlation is:

1 1
ablxy) = — |14 (1 a@”@xy—} : (2.49)
plavh) = 3 |1+ (-1
Computing the success probability:
1 1 1 1 1 3
psuccess _ Z —p(ab|xy) — [1 + _:| > — [] + —:| = — (250)
iy 4 2 V2 2 2 4

Thus, quantum correlations violate the bound imposed by local realism,
demonstrating quantum nonlocality. Sometimes the XOR game is also presented
in form of a linear inequality known as Clauser-Horne-Shimony-Holt CHSH Bell
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inequality [4]. We denote the CHSH operator as:
Bcasa = Ao ®By+Ag® B +A1 ®By—A; ® By (2.51)

where, A,,B, denote the Hermitian measurement operators of Alice and Bob.
Relabeling the outcomes a,b € {0,1} — {+1,—1} the Bell inequality can also be
expressed using the expectation value of Bcysy as:

| (Bcusu)| < 2 (2.52)

Any local realistic theory must satisfy the above inequality. The maximal ob-
tainable expectation value for the Bcgsy under quantum theory is given by the
Tsirelson’s bound 2v/2 [48]. Next, we introduce the concept of Hardy’s para-
dox [49].

Hardy Paradox

The Hardy paradox, introduced by Lucien Hardy in 1993, is a thought experi-
ment designed to illustrate quantum nonlocality without relying on inequalities,
thereby providing an alternative demonstration to Bell’s theorem. This paradox
reveals that certain quantum mechanical predictions cannot be reconciled with
any local realistic theory.

Consider the following correlation structure within the simplest Bell scenario,
characterized by two parties, each with two possible measurement settings and
two possible outcomes:

P(+1,4+1| My, NBY = p >0, (2.53a)
P(+1,+1| M4, N§) =0, (2.53b)
P(+1,+1| My, N&) =0, (2.53¢)
P(—1,—1| M4, N5) =0, (2.53d)

A/B

The outcomes are relabelled as relabeled as a,b € {0,1} — {+1,—1} and M),
denote the two measuremts of Alice and Bob. These four conditions cannot
simultaneously hold true for any correlation that admits a local or factorizable
hidden-variable model. However, quantum mechanics predicts the existence
of such correlations, thereby challenging the assumptions of local realism and
further substantiating the inherently nonlocal nature of quantum phenomena.
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In quantum mechanics the maximum value of Hardy’s success probability p has
been shown to be (—1145v/5)/2 2 0.09 [50, 511.

2.3.2 Classical simulation of a qubit channel

In this section, we discuss scenarios involving timelike correlations. A classic
example of such an experiment is the Holevo scenario (see Subsection [2.1.5]). In
this context, it is observed that, although a sender, Alice, can encode an arbitrary
amount of classical information into a single qubit, the receiver, Bob, cannot
reliably decode more than one classical bit of information.

In the Holevo scenario, the figure of merit is typically the maximum achiev-
able mutual information between Alice and Bob. Holevo’s theorem establishes
a fundamental upper bound on this mutual information, which cannot be sur-
passed for qubit communication. However, Frenkel and Weiner, in their work
[45], posed a more general question: what if the metric is not constrained to the
maximum possible mutual information? Is it possible to evaluate the statistical
outcomes of qubit-based protocols on a different basis?

Their findings and implications are discussed in the following.

The Holevo-Frenkel-Weiner Scenario

We begin by considering alternative metrics that may be employed to evaluate
the performance of qubit-based communication relative to classical bit-based
communication. To explore all such potential metrics, we examine the following
scenario.

Assume that Alice encodes classical information x onto a qubit state p, and
subsequently transmits it to Bob. Bob then attempts to infer about x by perform-
ing a positive operator-valued measure (POVM) with n outcomes, denoted by
the set M = {m, > 0}}_,, where ¥, m, = I. The conditional probability distribution
governing Bob’s measurement outcomes can be expressed as follows:

p(b|x) = Tr[pym). (2.54)

The resulting statistics {p(b|x)} can be regarded as a classical communication
channel with input variable x and output variable b. We now pose the following
question: Is it possible for Alice and Bob to simulate any such channel {p(b|x)}
using a single bit of classical communication supplemented with shared random-
ness? If this is not feasible, then it becomes evident that one can construct a
suitable metric demonstrating the superior communication power of qubits over
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classical bits. We now present a theorem by Frankel and Weiner that addresses
this question.

Theorem 4. Any classical channel {p(b|x)} that can be expressed in the form
p(blx) = Tr[pym), (2.55)

where p, € 2(C%) and m, € P(C?) represent POVM elements summing to identity,
can be simulated using shared randomness and a classical communication system
with d distinguishable pure states.

The above theorem is not restricted to the qubit case but applies more gener-
ally to quantum systems of arbitrary dimension. Nevertheless, it conclusively
demonstrates that a single classical bit can replicate the capabilities of a single
qubit, provided that shared randomness is treated as a free resource.

Up to this point, our analysis has focused on the measurement statistics
of individual qubits. In the following section, we extend our investigation to
composite systems, where the validity of Theorem [4] no longer holds. Next,
we introduce an experimental scenario in the time-like domain that leverages
joint statistics from composite systems to reveal the limitations of classical
communication in such contexts.

The Random Access Code Scenario

The Random Access Code (RAC) scenario can be regarded as a generalization of
the Holevo-Frenkel-Weiner (HFW) scenario. Here, we assume the presence of
a third party, say Charlie, who provides Bob with a classical random variable,
denoted as y, which remains unknown to Alice. Bob is tasked with computing
the statistics of the composite system state p, ® |y) (y|. The states |y) can be
interpreted as orthogonal states in a finite- or infinite-dimensional Hilbert space,
denoted as Hc. Defining Mc = {m,};_, as an n-outcome measurement on the
composite system, the corresponding statistics are given by

p(blx,y) = Tr[(px @[y) (y) ], (2.56)

where p, represents Alice’s encoding onto qubit states, and thus the composite
state p,® |y) (y| € 2(C?> ® He). An important property of Eq. (2.56) is that it can
be equivalently rewritten as

p(blx,y) = Tr[(px @ [y) (V]) 7] = Tr[pxy|y] (2.57)
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where 7, = Trc[(I® [y) (v|)m] € 2 (C?) satisfies the completeness relation
Yy—1 My =1V y. This formulation implies that for each y, Bob effectively per-
forms a measurement My = {m, };_, on p,. Conversely, given an arbitrary set of
measurements M,, possibly with different numbers of outcomes, one can inter-
pret these statistics in terms of composite system measurements with y being
classical states.

A crucial observation is that Alice does not possess the knowledge of y, nor
does she know which measurement among the set {M,} Bob will implement
on p,. Notably, when this information remains inaccessible to Alice, qubit
communication can outperform classical bit communication. To illustrate this
phenomenon, consider the well-known 2 — 1 RAC task:

2+ 1 RAC Task: Alice is given a two-bit string, xox; € {0,1}. Here, we as-
sume H¢ is two-dimensional, and the states |y) € {|0),|1)} represent two possible
orthogonal classical states provided to Bob. Bob’s objective is to return a bit
b = x, when given the state |y). We now demonstrate that qubit communication
provides an advantage over classical bit communication.

The performance metric in this scenario is the probability of Bob correctly
guessing x,, given by:

1
1
Pace= ), gP(b=xlony). (2.58)

X0,X1 y:()

Since PR4S is a linear functional of these probabilities, the optimal classical
success probability must be achieved via a deterministic encoding and decoding
strategy, as shared randomness does not provide any additional advantage. By
considering all possible deterministic encoding strategies, it can be shown that
the optimal classical success probability is 3/4.

For the quantum strategy, consider the following protocol:

¢ Alice encodes the bit string xox; into a qubit state:

prxl: 11+—{ Yol +(-1)"e3}|. (2.59)

¢ Alice sends this state to Bob. Upon receiving it, Bob performs the measure-
ment M, corresponding to the state |y) given to him. The measurements
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are defined as:

M():{%(]I+Gl),%(]l—cl)}, (2.60a)
M, = {%(M 03),%(]1— 03)} | (2.60b)

If the first outcome of the measurement is observed, Bob guesses b = 0;
otherwise, he guesses b = 1.

Substituting this strategy into Eq. (2.58), we obtain the optimal quantum

success probability:

1 1 3
This result demonstrates the inherent advantage of qubit communication over
classical bit communication.

It is important to note that in RAC scenarios, Charlie always provides Bob
with orthogonal quantum states |y). A natural generalization involves the case
where Charlie provides arbitrary states in Hc. This more general scenario is
analyzed in greater detail in Chapter [6] of this thesis.

2.4 Process Matrix framework

In the preceding section, we encountered correlation experiments that can be
embedded within spacetime in either a spacelike or timelike configuration. Con-
ventional physical intuition suggests that these two scenarios exhaust the possi-
ble causal relations between events localized in spacetime. However, a growing
body of research indicates that, if one relinquishes the traditional, globally-
defined notion of spacetime and instead considers spacetime structures only
locally within distinct laboratories, it becomes possible to obtain novel classes
of correlations that defy explanation within the standard spacetime framework.
Such correlations are referred to as indefinite causal order correlations.

This concept has been introduced and developed in various contexts by dif-
ferent researchers. For instance, Hardy proposed the causaloid framework
[9, 10, 52], while Chiribella, D’Ariano, and Perinotti formulated the higher-order
maps framework [12, 53]. Another significant contribution came from Oreshkov,
Costa, and Brukner, who introduced the process matrix framework [11] (see also
[54]).



2.4 Process Matrix framework | 43

In this section, we present the mathematical formalism underlying the pro-
cess matrix framework as introduced by Oreshkov, Costa, and Brukner. First, we
discuss a foundational theorem in quantum theory, namely Gleason’s theorem
[565], which was later generalized by Busch [56]. This theorem plays a key role
in the derivation of Process Matrices.

2.4.1 Gleason-Busch theorem

Theorem 5. For a Hilbert space H, given a probability measure pu : Z(H) — R
satisfying the conditions:

* 0<u(m) < l,whenever n <ly
* u(m+m+---)=pu(m)+u(m)+--- ,whenever my+m+--- <l

* u(ln)=1
3 a density operator p, € Z(H) such that u(n) = Tr[mpy).

In other words, the only probability measure that one can assign to the set of
positive operators for a given Hilbert space is through the Born rule on density
operators. The formal proof is quite extensive so it is not provided in the thesis.

2.4.2 Process Matrices

Motivated from Gleason’s theorem suppose we wish to assign a probability
measure on all possible experiments that two parties Alice and Bob wish to do
in the Local Laboratories. Here we won’t make any assumption regarding there
being some causal order between the actions of Alice and Bob. Furthermore,
we assume that each party open’s their lab only one’s to get some information
from the environment, then performs an experiment and sends the updated
state back into the environment. According to Quantum theory the most general
Experiment that Alice can perform is given by a Quantum Instrument I4 =
{A4|AY : B(Hy,) — $B(Ha,)}- The condition that this indeed is a valid quantum
instrument is represented in terms of the CJ operators [2.1.7] as Jy¢ > 0 and
Tra,[LaJae] = 1a,. Here the index a denotes the classical outcome of the Quantum
Instrument and Hy, and Hy, denote the associated Hilbert spaces for the input
and output quantum system of Alice. Similarly one can also define Bob’s most
general experiment as a Quantum instrument I = {A%|AL : %(Hp,) — %(Hp,)}
obeying similar conditions. What we wish to do is to prescribe a probability
measure for all possible outcomes of all possible instruments of Alice and Bob.
To do this it is convenient to describe all possible Instrument Outcomes of the
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parties not as abstract maps but their associated CJ operators. Let us define the
sets

MA = {MA1A0|MA1A0 > 0}, (2623)
M; := {Mp,,|Mp,5, > 0}, (2.62b)

The above sets basically denote the CJ operators of all CP maps for the respective
parties. Without assuming any background causal structure between Alice’s
and Bob’s actions, the most general statistics is given by a bi-linear functional P
satisfying

P:My xMpg— [0,00>, S.t. (2.63a)
P(MAIAO’MBIB()) - 17 v MA1A07M3130 (2.63b)
satisfying TI'AO [MAIAO] = ]IAI,TI‘BO [MBIBO] = ]IBI.

The above conditions play the role of the constraints mentioned in Theorem
[5]. The bold letter symbol My, 4, is used to denote the CJ operator of a CPTP
map. The equation Eq.(2.63a) ensures positivity of probabilities and Eq.(2.63b)
ensures that the sum of the probabilities of all outcome of Alice and Bob is unity.
Using an unentangled version of Gleason-Busch theorem [57], any such bi-linear
functional can be written as

P <MA1AO7MBIBO) = Tr [WA[AOB[BO (MA[AO ®MB[Bo)] ) (2.64)

where Wy,4,8,8, € Herm(Hy, ® Hy, ® Hp, ® Hp,) is a Hermitian operator. The
requirement (2.63a) ensures Wy,4 5,5, to be a positive-on-product-test (POPT)
operator. Furthermore, the requirement that Alice and Bob get valid statistics
even when supplemented with arbitrary entangled states gives us

{ Trl(pag; @ W) (Magan, © Mgz n,)] > Ov} (2.65)

V Muyan, >0, Mgigp, >0, parg, >0

Eq.(2.65) ensures Wy,4,5,5, to be a positive operator, i.e., Ws, 45,8, > 0. Such
a positive operator satisfying the normalization condition (2.63b) is called a
process matrix [11]. Adopting a notational convention followed in [58]:

1
sMgs 1= 7 (Trs[Mgs|) ® I, (2.66)

S
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where, ds denotes the dimension of the Hilbert space Hgs. Mathematically, the
normalization condition can be conveniently written using this notation as

1

= —]IA]AOB]B()7
dA]dBI

AiAoBiBoW

2.67
AaoW =a,4080Ws BiBoW =B;Boa, W, ( )

W =4, W+B,W —a,8, W
Often we will avoid the suffixes of Hilbert spaces to avoid cluttering of notation.

2.4.3 Causally Separable and Causally nonseparable Processes

The set of process matrices can be of two types: (i) causally separable and
(i1) causally nonseparable. Here we formally define the notion of causally
(non)separable processes for bipartite case. These notions can also be generalized
for the multipartite case as well.

Definition 27. Causally Separable Process: A bipartite process WS is called
causally separable if it admits the following convex decomposition

where WA=B (WB=4) denotes a process where Alice (Bob) is in the causal past
of Bob (Alice), WB#7A represents a process where Alice’s and Bob’s actions are
spacelike separated, and p = (p1, p2, p3) denotes a probability vector.

A process is called causally nonseparable if it is not causally separable.
Mathematically causally separable processes WA=E WB=A and WB#74 satisfy [58]

A<B __ A<B A<B __ A<B
W =g, WO s W™ =a0BBo W,
B<A B<A B<A B=<A
W =a, W s AiaoW =BoAAo W , P - (2.69)
BAYA BAHA
wBA” =48, W AF

Alternatively, a causally separable process can also be expressed as
WS .= pwA*B 1 (1 — p)ywBA4, (2.70)

for p € [0,1], where WA#B (WB#4) denotes a process where communication from
Alice (Bob) to Bob (Alice) is impossible. The authors in [11], first reported an
example of an bipartite nonseparable process. The causal indefiniteness is
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established through a causal inequality which is discussed in more detail in the
following subsection.

2.4.4 Causal Inequalities

The authors in [11] derived a causal inequality under four assumptions:

* Definite causal structure: The actions of Alice and Bob are embedded
in a definite spacetime structure. In other words their actions are either
timelike or spacelike seperated or they are in convex mixture of such
definite structures.

* Free choice: Each party can freely generate random classical variables
say x for Alice and y for Bob. This assumption is the same as that assumed
by Bell while deriving Bell inequalities.

* Closed laboratories: Alice’s outcome a can be correlated with Bob’s
variable y only if the latter is generated in the causal past of the system
entering Alice’s laboratory. Analogously, b can be correlated with a x only
if the latter is generated in the causal past of the system entering Bob’s
laboratory.

* Time order in local labs: Locally both the Laboratories are assumed to
have a definite order of time. Meaning some external system enters Alice’s
Lab ,then she performs a Quantum Instrument which may or may not be
a function of x and them she sends the evolved state out of the lab after
getting the outcome a. Similarly Bob’s Lab is also assumed to have this
ordering.

Violation of the causal inequality with the last three assumptions holding
true, establishes indefiniteness of causal structure. Subsequently, a symmetric
variant of the causal inequality or causal game is studied by [59] namely the
guess your neighbour’s input (GYNI) game.

Guess Your Neighbour’s Input (GYNI) game

The simplest version of the game involves two distant players, Alice and Bob.
Alice (Bob) tosses a random coin to generate a random bit x (y) € {0,1}. Each
party aims to guess the coin state of the other party. Denoting their guesses as a
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and b respectively, the success probability reads as

1
1
Puce' = ), gPla=yb=xxy) (2.71)
x,y=0

As it turns out for any causally separable process the success probability of GYNI
is bounded by 1/2 [59], leading to the causal inequality

PSYNL < 1 /2. (2.72)

succ

Interestingly, their exist process matrices that lead to violation of this inequal-
ity, and thus establishes causal indefiniteness. An explicit such example was
provided by Cyril and other’s in [59]. Consider the process and quantum instru-
ments:

)

( ; 1 1
WEK(’)ZBIBO =3 {]I®4+ — (676’01 + 63]16101)] ,

V2
I = { My, =0, My, =210} (071}, , (2.73)

1Y) = {myy, = (10} 02, Myly, = (1) (1)},

\

where X € {A,B}.(In M;(']sxo, s denotes various choice of instruments and r repre-
sent outcomes of those instrument). The tensor product symbol is sometimes
omitted to avoid cluttered notation. The above protocol gives us the following
correlation between Alice and Bob:

ri Cyril bly
P (ablxy) = TeWO o (M, @My, )] (2.74)

If we substitute Eq.(2.74) in Eq.(2.71) we yield a success PSXN =5/16(141/1/2) ~
0.5335 > 1/2. Numerical evidence suggests possibility of other quantum processes
leading to higher success [59]. At this point one may ask the following question:
Is it always possible to demonstrate the causal nonseparability of a quantum
process via violation of a causal inequality? Feix, Araujo, and Brukner [60] have
shown the existence of a bipartite causally nonseparable process which never
the less only yields causal correlations (see also [61]). Such class of processes are

termed as causal processes.
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2.4.5 Causal and Extensibly causal Processes

Definition 28. Causal Process: A bipartite process W€ is called causal if
any correlation obtained from such a process can always be written as convex
decomposition of one way no-signalling correlations.

Denoting {MX‘IZO} and {M?I%O} as arbitrary choice of instruments for Alice and
Bob any correlation obtainable from a causal process W¢ and arbitrary instru-

ments {MZ'IZO} and {Mé%o} can be decomposed as

alx b
TeWE (ML @My )] = plablxy) = p x p*“B(ablxy) + (1 - p) x pP*(ablxy) (2.75)
Where p € [0,1] and p*~B(ab|xy) and pB=4(ab|xy) satisfy

Y p"Elablxy) = Y p* P (ablxy') Va,x,y,y’ (2.762)
b b

Y p*P(ablxy) =Y p*=F(ablx'y) Vb,x,x'y (2.76b)

The existence of such process shows that some causally nonseparable processes
can never be tested in a device-independent manner (meaning they would never
violate a causal inequality). Having said this, its natural to ask if causal pro-
cesses remain causal when assisted with some entangled state between the
parties. Oreshkov and Giarmatzi in [61] show an explicit example of a tripartite
process that is causal but becomes noncausal if an additional entangled state is
provided. This motives the authors in [60] and [61] to come up with the notion
of extensibly causal processes.

Definition 29. Extensibly Causal Process: A bipartite process WEC is called
extensibly causal if WEC ® pap is causal for any entangled state pg.

At this point its not clear whether there are causally nonseparable processes
which are extensibly causal? [60] provide numerical evidence for the existence of
such extensibly causal processes. If we denote W, WC, WEC and WS as the set of
all processes, set of all causal processes, set of all extensibly causal processes and
set of all causally Separable processes respectively then we have the following
subset realtion:

WS cwECcwCcw (2.77)

Where we have numerical evidence for the strict subset relation W C WEC,
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Before moving on to the next subsection here we point out the notion of
Genuine Indefiniteness for Multipartite Processes. For instance in the tripartite
scenario one can define the notion of bi-causal processes as following

Definition 30. Bicausal Process: A tripartite quantum process W is called bi-
causal if it allows a convex decomposition W =Y., p;W;, where each W; are causally
separable across some bi partition.

Processes that are not bi-causal are termed as genuinely causally non-
separable. Recalling Eq.(2.70), a tripartite bi-causal process W can always be
written as

W = p WARBC | WBAAC |y CAAB
- paWBCHA L p WACHB ) yyABAC (2.78)

with {p;}%_, denoting a probability vector. Here, the term WA75C denotes a pro-
cess where Alice cannot communicate to Bob or Charlie, whereas in process
WBC#A neither Bob nor Charlie can communicate to Alice. The other terms carry
similar meanings. Importantly, in the process WA#5C /WBC#4 causal inseparabil-
ity could be present between Bob and Charlie.






Chapter 3

Role of System Composition in Timelike
Correlations

3.1 Introduction

In quantum theory, the postulates prescribe a specific composition rule for
systems consisting of multiple subsystems. When individual subsystems are con-
sidered quantum, various mathematically consistent models can be constructed
to describe the state and effect spaces of multipartite systems (see Section 2.2.5).
The extreme cases of composition are represented by the minimal and maximal
tensor product constructions, denoted as SEP and SEP, respectively. Intermedi-
ate between these two limits, alternative composition rules can be formulated,
among which the quantum composition (Q) is a notable example.

A natural question arises: do there exist input-output correlations that are
characteristic of specific composite structures? A compelling answer is provided
by Bell nonlocal correlations [1, 62—64], which are absent in the SEP theory
but present in all other compositions. Conversely, a no-go result follows from
the work of Barnum et al. [6], demonstrating that any bipartite spacelike
correlation achievable in SEP is also attainable in Q. Indeed, any composite
model of two quantum systems that adheres to the no-signaling principle and
local tomography cannot exhibit correlations that surpass quantum limits in
spacelike-separated scenarios (See section [2.3]).

One might conjecture that any input-output correlation attainable within
SEP should also be achievable within Q, given the interchangeability of state
and effect cones in SEP and SEP theories (see Fig. [3.1]. However, in this
chapter, we demonstrate that such an intuition is incorrect. Specifically, there
exist timelike correlations in SEP that cannot be realized within the quantum
composition model Q. Moreover, the existence and strength of such correlations
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Sz, Q1P [min] . A Y EAB[max] &zﬁ'\
“, » aP[Q] = £2°(Q) - e A

WV

F1G. 3.1 Different possible compositions of two elementary quantum systems. Left:
minimal tensor product composition — allows only separable states but effect
cone is enlarged. Right: maximal tensor product composition — allows only
separable effect but state cone is enlarged. Middle: quantum composition,
state and effect cones are identical (self dual).

may vary across different composite models, thereby providing empirical means
to distinguish among them. In other words, bipartite compositions of elementary
quantum systems can exhibit beyond-quantum timelike correlations, even when
the individual subsystems adhere to quantum mechanics.

To substantiate this claim, we propose a communication task (game) involving
two parties. We first analyze the optimal qubit communication required to
accomplish the task under the assumption of quantum composition. A necessary
and sufficient condition for the perfect execution of the task is derived within the
generalized probabilistic theory (GPT) framework. Subsequently, we establish
that, under the SEP composition, the required number of communicated qubits
for perfect task completion is strictly lower than in the quantum composition case.
Consequently, SEP composition trivializes certain communication complexity
problems that remain nontrivial under quantum composition.

It is noteworthy that the information-theoretic axiom "communication com-
plexity is nontrivial” has been instrumental in identifying unphysical conse-
quences of beyond-quantum spacelike correlations [7, 8, 65—68]. Our study
demonstrates that this axiom is equally effective in isolating beyond-quantum
correlations within the timelike domain. The proposed communication task thus
provides an empirically testable criterion for the natural selection of bipartite
composite structures among the various possible compositions that lie between
SEP and SEP.

3.2 Perfect Distinguishability of non orthogonal quantum
states in SEP theory.

In this section, we present a significant result demonstrated by [69], which
establishes that non-orthogonal quantum states can, under certain conditions,
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be perfectly distinguishable within the framework of separable (SEP) theory.
Consider the following product states:

ly1) = 0) ®|0) (3.1a)
ly2) = |+) @|+). (3.1b)

It is evident that these two states cannot be perfectly distinguished within
standard quantum theory (see Theorem [1]). Given that |y;) and |y») are valid
states under the SEP composition of two qubits, it is natural to investigate
whether they can be distinguished using measurements permitted by SEP theory.
To address this question, consider the following measurement operators:

000 3 1 0 0 —3
1 1
g|01 20l g_|0 0 -3 0 3.2)
0310 0 —3 0 0
1 1
3000 -5 0 0 1

Now one can show that E;,E, € £5¢F indicating that these operators are in-
deed permissible measurement effects within SEP theory. The detailed argument
is provided in Appendix [A.1] as part of a proof. Moreover, note that E; +E, =1
and thus they constitute a valid measurement in SEP theory.

Furthermore, it can be readily verified that

Tr(Ei[y;) (wjl] = &j, Vi, je{1,2}, (3.3)

which implies perfect distinguishability of |y;) and |y,) within the SEP theory.
This result reveals a striking and counterintuitive consequence of SEP composi-
tion, wherein non-orthogonal quantum states become perfectly distinguishable.
In the subsequent section, we introduce the Pairwise Distinguishability Game
to further explore the implications of such composition rules in information-
theoretic tasks.

3.3 Pairwise distinguishability game (,@g ])

The Pairwise Distinguishability Game, denoted by 321[;‘ }, involves two players,
Alice and Bob, along with a Referee. In each iteration of the game, the Referee
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>

F1G. 3.2 Pairwise Distinguishability Game

provides Alice with a classical message 1, randomly selected from a finite set
of messages N. The superscript n in ﬁl[jn ] represents the cardinality of the set
N, i.e., n = |N|. Subsequently, the Referee presents Bob with a query regarding
Alice’s message: whether the message given to Alice in that round was 711 or some
alternative n’ € N, where n’ # 1. This query is denoted by Q(n,n’) and most
importantly is unknown to Alice. Since 1’ # 1, there exist (5) distinct queries
of this form. The objective of the game is for Bob to answer all such queries
correctly (see Fig. [3.2]). Notably, Alice and Bob do not share any pre-existing
correlation; however, Alice is permitted to encode her message onto the states of
a physical system and transmit these states to Bob. The following proposition
establishes a necessary and sufficient condition for achieving a perfect winning
strategy in any Generalized Probabilistic Theory (GPT).

Proposition 1. A perfect winning strategy for the game W[Dn | necessitates that
Alice encodes her message 1 € N into a set of states {wy }nen C Q of some system
S = (Q,E) such that the states in {®y }nen are pairwise distinguishable.

Proof. Suppose Alice employs a set of states {w,},cn that are not pairwise
distinguishable. Then, there exist at least two states wy,wg € {®y}nen that
are not distinguishable. If the Referee asks Bob the query Q(«,f), he will
necessarily provide an incorrect answer with some nonzero probability due to the
indistinguishability of @y, and wg. Consequently, for a perfect winning strategy
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in f@gﬂ, the information dimension Ip(S) of the system S must satisfy the lower
bound Ip(S) > n. O

Next we show that if we consider two qubit communication from Alice to Bob
to play the game then SEP composition between the two qubits performs better
than the ordinary Quantum Composition. We also show that the advantage can
also be scaled arbitrarily with increasing value of n.

3.4 Characterizing Strong Timelike Correlations of SEP
L L o [n]
Composition in &),

]

in SEP composition can perfectly win the game while 4 qubits are required if the

Our next result demonstrates that if we consider the 97’,[} 2 game then two qubits

composition is quantum.

Theorem 6. Four qubits communication from Alice to Bob is required for winning
the game (@l[)l 2
systems, whereas two SEP-bits (i.e. two qubits in SEP composition) suffice for

when quantum composition is considered among the elementary

winning this game.

Proof. (outline) As argued in [2.2.3] for a quantum system, the information di-
mension is the same as its operational dimension, which is again the same as the
dimension of the associated Hilbert space. Since the Hilbert space dimension of
(C?)®3 is 8, according to Proposi‘}cion [1], three qubits communication is not suffi-

cient for winning the game ,QZL[)I 2 perfectly. However, four qubits communication
suffices as the number of distinguishable (as well as pairwise distinguishable)
states, in this case, are 16. If we consider the SEP composition between two
qubits, then the following 12 states A := {|kk),|kk),|KK),|KK) } ce (v} turn out
to be pairwise distinguishable; where |af) := |a@) ®|B) and |x) (]k)) is the eigen-
state of Pauli operator o, with eigenvalue +1 (—1), where k € {x,y,z}. While
some pair of states, such as {|xx),|xx)}, are perfectly distinguishable in quantum
theory due to mutual orthogonality, some pairs, such as {|xx),|zz)}, consisting
non-orthogonal states cannot be perfectly distinguished in quantum theory. How-
ever, as shown in Section [3.2] such states are distinguishable in SEP theory.
Complete analysis (along with the measurement) of pairwise distinguishability
of the states A in SEP theory is presented in Appendix [A.1]. The game 321[)1 2],
thus, can be perfectly won just by using two qubits in SEP composition. This
completes the proof of our claim. O
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The above theorem leads to an interesting observation
Corollary 1. SEP composition exhibits the phenomenon of dimension mismatch.

Proof. Operational dimension of two SEP-bits is 4, which follows from Proposi-
tion 2.5 of [69], whereas our Theorem [6] establishes its information dimension
to be strictly greater than 4, and completes the proof. ]

Dimension mismatch and consequently the presence of stronger than quan-
tum timelike correlation in the above result arises strictly from the choice of
composition. One might ask whether the advantage of two qubits in SEP compo-
sition for playing the 321[;1 } game can be made arbitrarily large. Our next result is
a no-go answer to this question.

Lemma 1. The game 331[;1 ! cannot be won perfectly by communicating the encoded
states chosen from the SEP composition of two qubit system (C?>®,i,C*) whenever
n>12.

Proof. System S = (Q,FE), having the information dimension I)(S) =k can always
be used to encode the classical message to win the game 3”%1 <k perfectly. As per
definition, Ip(S) = k provides them achievable upper bound on the number of pair-
wise distinguishable states. Here we will calculate the Information dimension of
the most elementary SEP i.e., C?> ®,;, C?, and show that Ip(C? ®;, C?) = 12. So
no 4@,[;1 >1] game can be won perfectly considering the above system. As shown by
[69], two pure states p; = pf @ pf and p, = p5 ® p? are perfectly distinguishable
in SEP if and only if

Trpfpd + TrpBpf < 1. (3.4)

Expressing pX = 1 (1+#X-6), where Y € R® with |#¥| =1 for i € {1,2} and for
X € {A, B}, the above condition can be re-written as

At a8k <o. (3.5)

Let us define N; := (#},#%)T € R3@R3 = R®. Thus the above condition reads as

NN, <0. (3.6)

Therefore, our question boils down to finding the maximum number of vectors in
R® such that the inner product between any two vectors is not positive definite.
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It is not hard to argue that in a d-dimensional vector space at the most 2d

number of such vectors can be drawn. To appreciate the argument, observe that,
in 1-D only two such vectors can be drawn trivially, while in 2-D the number
is four. Now, for R? we can decompose it as R?~! $R. As mentioned earlier
the d""—dimension R contains only two such vectors and R?~! can be further
decomposed as R 2@ R. Thus, it can be argued from the method of induction
that the maximum number of such vectors is 2d. O

However the advantage of SEP composition over quantum theory can be
increased if we start with more number of SEP-bits initially.

k
Theorem 7. 2k number of SEP-bits are sufficient for winning the game 91[)12 ]
perfectly, whereas it requires 2k + [klog, 3| number of qubits, with k € Z,..

Proof is provided in Appendix [A.2]. Now we move to a possible experimental
implication of our study. Novel experimental proposals bring adequate physical
reasoning to the ‘mathematical fiction’ of Hilbert space formulation of quantum
theory. For instance, experimentally observed algebraic relationship among the
coherent cross sections of scattering amplitudes in triple-slit experiment consti-
tutes a test for complex versus quaternion quantum theory [70]. The experiment
by Sinha et al. that rules out multi-order interference in quantum mechanics
is worth mentioning at this point [71]. In a similar spirit, a pertinent question
to ask is which particular composite structure between two elementary qubits
must be preferred [72]. At this point, one might wish to postulate a particular
composite structure. Schrodinger, for instance, found quantum composition
"rather discomforting" [73] due to the peculiarity of quantum entanglement as
demonstrated in the Einstein-Podolsky-Rosen gedanken experiment [47]. The
SEP composition, which does not contain these "discomforting" features, is im-
mediately ruled out due to the seminal experiment by Aspect and collaborators
[3] and the recent loophole-free Bell tests [74—76] which validate the presence of
nonlocal correlations in nature. There are still a number of different bipartite
compositions, such as SEP+3gp, SEP — &gp, and SEP, that, like the quantum com-
position Q, incorporate nonlocal correlations and, hence, cannot be excluded from
the Bell test’s results. Furthermore, no such model can contain any spacelike
correlation which is not available in quantum theory [6]. At this point, our 331[)1 2]
game starts playing a crucial role. Perfect success of this game with communica-
tion of less than four qubits assures the presence of beyond quantum timelike
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correlation which indicates a departure from the composition rule adopted in
quantum theory. In fact, our next result proposes a generic test in this direction.

Proposition 2. For n > 2%, the game 9};’ | cannot be won with k qubits communi-
cation from Alice to Bob if the composition rule is quantum.

The proof simply follows from Proposition [1] and the fact that the information
dimension of a quantum system is the same as its Hilbert space dimension. A non-
null result in Proposition [2], i.e., successful completion of the task ﬁgzk] with k
qubits communication, will indicate a departure from the quantum composition
rule, whereas null result builds confidence toward quantum composition.

3.5 Discussion

The present work introduces a novel paradigm for experimentally testing the
derivation of the composition rule within quantum mechanics. Notably, un-
like the seminal Bell tests, which investigate spacelike correlations, our ap-
proach is based on timelike correlations. In this context, recent contributions in
Refs. [46, 77] are particularly relevant. Specifically, Ref. [46] presents instances
of timelike correlations that exceed those predicted by quantum mechanics,
considering systems composed of elementary units. However, the elementary
systems analyzed therein exhibit postquantum characteristics, particularly the
so-called square bits, which inherently generate stronger timelike correlations
than a qubit, as demonstrated through our ﬁg’] task. In contrast, the stronger-
than-quantum timelike correlations observed in the present study emerge strictly
due to the choice of composition between qubits.

From a technical standpoint, Ref. [46] employs the concept of signaling
dimension, originally introduced in Ref. [45], whereas our analysis relies crucially
on the notion of information dimension. Additionally, the approach in Ref. [77]
involves the computation of entropic quantities, which necessitate a well-defined
theoretical framework [78, 79]. In contrast, our methodology is founded on the
intuitive principle of pairwise distinguishability.

Furthermore, our findings give rise to several intriguing questions that war-
rant further investigation. Notably, the dimension mismatch explored in Ref. [64]
for square bit models suggests various nontrivial consequences, such as the po-
tential collapse of communication complexity and implications for Maxwell’s
demon, possibly violating the second law of thermodynamics. Similar analyses
in our context are particularly interesting, given that Corollary [1] implies a
dimension mismatch that arises strictly from the compositional structure of
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local quantum systems. From a complexity theory perspective, addressing the
question posed following Theorem [7] is of significant interest. Additionally, ex-
ploring the implications of alternative composition rules for higher-dimensional
elementary quantum systems remains an open direction. Such inquiries could
also be reformulated within the framework of field-theoretic formalism [80-83].

Moreover, investigating the role of stronger timelike correlations within the
generalized probabilistic theory framework may yield profound insights into
the fundamental structure of spacetime. The recently studied polygonal models
[34-37, 40] could serve as an initial step toward such an exploration.






Chapter 4

Foundational Implications of Nonlocal
behavior in Composite Polygon Models

4.1 Introduction

Entanglement, a fundamental feature of composite quantum systems, marks
a key departure from classical physics [84]. While maximally entangled states
yield completely mixed marginals, non-maximally entangled states exhibit par-
tially mixed marginal states. Under local operations and classical communi-
cation (LOCC), the former are generally more useful. However, in alternative
paradigms, non-maximal entanglement can be advantageous, as evidenced in
nonlocality studies [1, 62—64]. For instance, while the Clauser-Horne-Shimony-
Holt (CHSH) inequality is maximally violated by maximally entangled states
[4, 48], tilted CHSH inequalities favor non-maximally entangled states [85, 86].
Similarly, Hardy’s test identifies nonlocality in any non-maximally entangled
pure two-qubit state, whereas the maximally entangled state fails the test
[49, 87, 88]. Such advantages extend to Bayesian games [89] and reverse zero-
error channel coding [90].

A crucial question is whether non-maximal entanglement is a uniquely quan-
tum phenomenon. To explore this, we consider generalized probability theories
(GPTSs) (see Section [2.2]) [34-36, 64, 91, 92]. While simple toy models, such as
the square-state system, permit stronger-than-quantum nonlocality [7], they
lack direct analogues of non-maximally entangled states, suggesting a quantum-
specific feature. However, we demonstrate that this intuition is incorrect, leading
to significant new insights.

We examine GPTs with state spaces described by regular polygons [34] and
analyze bipartite entangled structures. While prior work focused on maximally
entangled states in these models [34], we identify additional entanglement
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classes. Specifically, bipartite pentagon systems yield two distinct entangle-
ment classes, whereas hexagon systems admit six. Examining their nonlocal
properties, we find that, unlike even-gon models that exhibit supra-Tsirelson
CHSH violations [34], odd-gon models remain within Tsirelson’s bound but
reveal beyond-quantum Hardy-type nonlocality [49] (see Section [2.3.1]). Fur-
thermore, certain mixed entangled states in these models, unlike their quantum
counterparts, exhibit Hardy-type nonlocality.

Lastly, we investigate post-quantum correlations, particularly almost quan-
tum correlations, which respect all known bipartite physical principles [93].
Models reproducing these correlations typically violate the no-restriction hypoth-
esis [94]. However, we identify a nontrivial subset of strictly almost quantum
correlations emerging from bipartite pentagon models without violating this
hypothesis, strengthening prior known results [34].

4.2 Entanglement classes in Composite Polygons

As previously discussed, the bipartite composition of any Generalized Probabilis-
tic Theory (GPT) system must be confined between the minimal and maximal
tensor product compositions (see Section [2.2.4]). For polygon systems, any such
composition must encompass all product states and product effects. The sets of
extremal states and ray extremal effects are defined as follows:

n

P ={ oy =oteof} (4.12)

i.j=1
Pefln] = {en(ifl)qtj = e ®e?}

n

(4.1b)

ij=1’

1

where @' and o} are defined in Eq. (2.41), and ¢! and ¢? are defined in
Eq. (2.44). Instead of representing a bipartite state or effect as a vector in R?, it
is sometimes more convenient to express it as a 3 x 3 matrix, i.e., 0, ® ©; = ®; ® (o;.r.

Beyond the aforementioned product states, a bipartite composition may also
admit non-factorizable states, commonly referred to as entangled states. For an
n-gon system, one such entangled state was identified in [34]:
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1 00
d,:=10 1 0], forodd n; 4.2)
0 01
cos(w/n) sin(w/n) O
®;:= | —sin(n/n) cos(n/n) 0], forevenn. (4.3)
0 0 1

As noted in [34], the state ®; serves as a natural analogue of the quantum
mechanical maximally entangled state. The subscript follows the initials of the
first author of [34]. It is crucial to ensure that any such entangled state yields
consistent probabilities when measured with any product effect.

Similar to entangled states, a composite theory also allows for entangled
effects, which must yield consistent probabilities when acting on any product
state. In cases where a composite system accommodates both entangled states
and entangled effects, care must be taken to ensure that all effects provide
consistent probabilities across all states. For the composition of two square
bits, it has been established that exactly four types of compositions exist [46].
Among these, one corresponds to the maximal composition, which permits all
possible factorized and entangled states while admitting only factorized effects.
Another extreme case is the minimal composition, which permits only factorized
states but allows all possible factorized and entangled effects. The remaining
two compositions lie strictly between these extremes.

In this work, we focus on the maximal composition of two polygon systems.
For such a bipartite composition, the set of allowed reversible transformations is
given by

Tapl] = { T} @ T2, Swap | Tyl € T, TR € T4 },

1
where Swap (@ ® a)f) = wf ® P,
Sl,SzE{:I:l}, kl,kze{l,z,...,n}. 4.4)

It is important to note that the Swap operation, as well as local reversible
transformations, map product states to product states and entangled states
to entangled states. This property enables us to define equivalence classes of
entangled states.



64 | Foundational Implications of Nonlocal behavior in Composite Polygon
Models

Definition 31. Two entangled states ®; and ®, of a bipartite polygonal system
are considered equivalent if they are connected by some local reversible transfor-
mation.

For instance, in the maximal composition of two square bits, there exist
precisely eight distinct entangled states [46]. However, all these states belong
to the same equivalence class since they are connected via local reversible
transformations. In contrast, as we will demonstrate, this is not necessarily the
case for higher-order polygon systems.

4.2.1 Bipartite Pentagon system

Following the procedure mentioned in Appendix [B.1] in MATLAB, for bipar-
tite composition of pentagon systems we obtain 135 different extreme states
®;; ke {1,2,---,135}. Among these we have 25 (say, number 1 to 25) factorized
extreme states ®s5;_;),; = & ® a)jT, where i,j € {1,---,5} and w/’s are given in
Eq.(2.41). The remaining 110 states (number 26 to 135) are entangled. Further-
more, applying the local reversible transformation we find that these states can
be divided into two classes — (i) the first class contains 10 states (say, number
26 to 35), and (ii) the second one contains 100 states (number 36 to 135). One
representation state of the first class is the state ®; of Eq.(4.2) and hence we call
this Janotta class. One of the representation states for the second class is given
by

—8sin(x/5
—cos(m/5) iﬁs(slf(rﬂéé) 0
. 7r63i1’1(77.'/5) —r3
2
0 4sin(7§/5) 1

We call this class the Hardy class, thus the sub-index ‘H’. The justification of
this nomenclature will become obvious in the next section. The other states in
Janotta class and Hardy class can be obtained from the representative states ®;
and ®y respectively by applying local reversible transformations.

The two classes of states ®; and ®y have structural distinctions. For instance
the state in Eq.(4.2) we have a3 = ag = a7 = ag = 0. It can be shown that all the
states in this class (obtained through local reversible transformations) have the
same feature, which is not the case for the states in the class of ®4.
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F1G. 4.1 Maximal tensor product of two elementary pentagon systems allows 25 product
states. On the other hand, it allows two different classes (not equivalent under
local reversible transformation) of entangled states: Janotta class states with
®; of Eq.(4.2) being a representative state and the Hardy class states with &y
of Eq.(4.5). While ®, can be thought of as a natural analog of the maximally
entangled state of a two-qubit and does not exhibit Hardy’s nonlocality, the
dy state shows Hardy and importantly with the success probability strictly
greater than quantum success. However, the resulting correlation belongs to
the set of almost quantum set Q.

4.2.2 Bipartite Hexagon system

The task of characterizing all the entangled states becomes computationally
costly with higher gons. This is because the choices of eight different effects
rapidly increase with the number of sides in the component polygons. However,
we obtain a complete characterization of the entanglement states for the bipartite
hexagon. It turns out that there are six different entangled classes of states
possible there. Representation states for each of these classes are given below:
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F1G. 4.2 Maximal tensor product of two elementary hexagon systems allows 36 product
state. On the other hand, it allows six different classes of entangled states.
Representative states for each of the classes are given in Eq.(4.6). The state
@, although can be thought of as an analog of the maximally entangled state,
unlike the two-qubit maximally entangled state, exhibits Hardy’s nonlocality
behaviour.

The state ®; is equivalent to the maximally entangled state ®; of Eq. (4.3)
as identified by Janotta et al. Important to note that the states ®;,®&;;, &y
and ®y; are the symmetric representatives of their corresponding class, while
we cannot find any symmetric state in class ®;y and ®y. Recall that, a joint
state @48 is called symmetric if (e® f)(P8) = (f @ e)(PB), Ve, f € VI, and in
matrix representation ®*8 is symmetric if and only if the corresponding matrix
is symmetric [34]. However, we can notice that the states ®;y and ®y are
transposes of each other meaning that even though they are not connected
by local reversible dynamics they are related by a swap operation. Thus the
entanglement content in these two states is the same.

4.3 Insights on the nature of Quantum and Polygon model
correlation

Quantum theory exhibits nonlocality; however, the precise extent to which
quantum systems can demonstrate nonlocal behavior remains an open question.
To gain a deeper understanding of the nature of quantum nonlocal correlations,
it is essential to investigate the nonlocal properties of alternative theoretical
models. In the following, we examine the Hardy nonlocal correlations [2.53] that
can be realized within bipartite polygon models, with the aim of elucidating the
fundamental characteristics of quantum nonlocal correlations.

Nonlocal properties of the correlations obtained from the maximally entangled
states ®; have been studied in Ref. [34]. In particular, the maximal CHSH
inequality violation has been explored for even and odd gons. Importantly, the
correlations of even n systems can always reach or exceed Tsirelson’s bound
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F1G. 4.3 (Color online) Red dots denote the maximum success probability of Hardy’s
nonlocality argument for maximally entangled states of bipartite even gons.
The Blue dashed line denotes the optimal quantum success probability of
Hardy’s nonlocality argument which, in contrast, is obtained for the non-
maximally entangled state.

(21/2), while the correlations of odd n systems are always below Tsirelson’s bound.
For the odd n systems the maximally entangled state belongs to the class of
inner product states! and all correlations obtainable from measurements on
inner product states satisfy Tsirelson’s bound. Here we analyze the nonlocal
properties of different classes of entangled states from the perspective of Hardy’s
nonlocality argument.

4.3.1 Hardy’s nonlocality for maximally entangled states in polygon
models

Here, we will analyze Hardy’s nonlocality behaviour of the correlations obtained
from the maximally entangled states of bipartite polygon theories. We prove two
generic results. In the following, we first prove a no-go result.

Theorem 8. The maximally entangled states ®; of the bipartite regular polygons
with odd n do not exhibit Hardy’s nonlocality argument.

While maximally entangled states of bipartite odd gons do not exhibit Hardy’s
nonlocality, maximally entangled states of bipartite square bit do exhibit such
nonlocality. The PR box correlation resulting from the maximally entangled
state of the bipartite square bit exhibits Hardy’s nonlocality argument with

A state @7 is called an inner product state if ®*? is symmetric, and positive semi-definite,
ie (e@e)(®'B) >0, VeecV*[34]
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success probability 1/2, which is, in fact, the maximum Hardy’s success among
any no-signaling correlations. In the following, we prove a generic result that
the maximally entangled state of any bipartite even gon depicts Hardy’s type of
nonlocality, albeit with decreasing success probability.

At this point, it is worth mentioning that the maximally entangled state of
the quantum two-qubit system fails to exhibit Hardy’s nonlocality behaviour [87].
In this sense, odd gons are closer to quantum than even gons as the maximally
entangled states of the former do not depict Hardy nonlocality while the latter
do.

Theorem 9. The maximally entangled state ®; of bipartite even-gons (with n > 4)

exhibits Hardy’s non-locality argument with the success probability given by

sin? z
The proof of the above two theorems is included in the appendix [B.2]. The
variation of Hardy’s success probability for different even gons is shown in Fig.

[4.3].
4.3.2 Hardy’s nonlocality for non-maximally entangled states

For the bipartite pentagon case, we only have two inequivalent classes of pure
entangled states, the state ®; of Eq.(4.2) and the state ®y of Eq.(4.5). As already
established in Theorem [8], the state ®; cannot result in any correlation exhibit-
ing Hardy’s nonlocality. So the natural question arises whether the state ®y
can lead to such a correlation. Interestingly we find that that state ®5 indeed
exhibits Hardy’s nonlocality. If we consider two incompatible measurements
M; = {e;,e1} and M; = {es,é5} on Alice’s part and two incompatible measure-
ments N; = {e1,¢;} and N = {é5,¢2} on Bob’s part, the resulting correlation
depicts Hardy’s nonlocality. Denoting the outcome corresponding to the first ef-
fect as +1 and the outcome corresponding to the second one as —1, the correlation
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obtained from these choices of measurements reads as

(+1,+1) | (+1,=1) | (=1,+1) | (=1,-1)
P= MN,| 0 |35 1] vl a5 4.7)
M:N; 0 21_? %_% %_%
MNy | 3¢ -5 | b | 1-3g | 0

Important to note that the success probability of Hardy’s argument in this case is
P(+,+M|N;)=1— % ~ 0.1056, which is strictly larger than the corresponding

5\/§T—11 ~ 0.0902. Therefore, this particular correlation

optimal quantum value
is beyond quantum in nature, although its CHSH value is strictly less than
the Cirel’son’s value. The success probability 0.1056 turns out to be optimal in
pentagon theory. For the hexagon case, we find that all the six different classes
of states depicts Hardy’s nonlocality. The choices of measurements and the

corresponding Hardy’s success probabilities are listed in Table [4.1].
4.3.3 Mixed states exhibiting Hardy Nonlocality

We will now consider the possibilities of the Hardy-type nonlocality for those
preparation devices that produce a pure entangled g-bit 2 or a pure product
g-bit with a pre-declared ignorance, and hence result in a mixed preparation.
In quantum theory, such a preparation devise which prepares a two-qubit pure
entangled state and a two-qubit pure product state with some predefined ig-
norance doesn’t exhibit Hardy Nonlocality. (Technically any two-qubit mixed
state does not exhibit Hardy-type nonlocality [88]. But here we are interested
in these special preparation devices as they can help us study some topological
properties of the underlying GPT). However, we will show this is not the case
in polygonal GPT models. In the following, we will identify the preparation-
measurement reciprocity [95] as the salient feature of quantum theory, which
causes such a difference. From now on, by the phrase "mixed entangled state"

2Analogous to the terms c-bit and qubit for two-level classical and quantum systems re-
spectively, here we adopt the phrase g-bit to denote the elementary system of a GPT, with
(Operational Dimension) OD=2.
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State Alice’s Bob’s Hardy’s
Measurements Measurements Success
M| = {ej,e4} N; ={eq,e3}
b ’ ’ 1/4
! M, = {e;,e5} Ny = {es,er}
M| = {e4,e1} N; ={e4,e1}
P ’ ’ 1/20
” M, = {e3,e5} No = {es,e5}
Ml = {83766} Nl = {61764} 1/16
@y M, = {e3,e5} Ny = {eg,e3}
M, = {es,e1} N = {e1,ea} 1/8
M, = {ez,e5} Ny = {es,ex}
M = {e3,e6} N ={es,e1} 1/98
oy M, = {ez,e5} Ny ={e3,e6}
M, = {es,e1} N = {es,e1} 1/14
M, = {e,e5} Ny ={e2,e5}
M, = {e4,e1} N; ={es,e6}
’ ’ 1/28
o, M, = {e3,e5} Ny = {e2,e5}
M, = {es,e1} N ={es,e1} 1/14
M, = {ez,e5} Ny ={ez,e5}
M = {ez,e5} N ={ez,e5}
P 1/8
v M, = {ej,es} Ny ={ej,es}

TABLE 4.1 Measurement choices for Alice and Bob and the corresponding Hardy’s
success probabilities for the six different classes of entangled states in
bipartite hexagon theory.

we would like to mean a convex combination of pure entangled state along with
a product g-bit. For the sake of completeness, let us begin with a definition of
preparation-measurement reciprocity in quantum theory.

Definition 32 (Preparation-measurement reciprocity [95]). For every pure quan-
tum preparation oy = |y¥)(y| the corresponding effect, i.e., ey = |y)(y| clicks
certainly whenever the measurement M := {ey,u— ey} is performed. Furthermore,
oy is the only preparation which passes the effect ey with certainty.

The notion can readily be extended in GPTs. We say a GPT satisfies ‘preparation-
measurement reciprocity’ if for every pure state @ there exists a unique extremal
effect ¢, that filters the state @ with certainty. Also note that all such GPT
models can be assigned with a finite dimensional linear vector space and hence
the effects, i.e., the linear functional on this vector space allows a one-to-one cor-
respondence with the state vectors, which is referred as weak self-duality [34, 96].
This, in turn, further strengthens the condition of preparation-measurement
reciprocity in such GPT models.



4.3 Insights on the nature of Quantum and Polygon model correlation | 71

Definition 33 (Hardy-type local correlation). A correlation is called Hardy-type
local if it is local and it satisfies all the zero constraints (last three equalities) in
Eq.(2.53).

Definition 34 (Trivial Hardy-local theory). A bipartite theory is said to be trivial
Hardy-local if no product state results in a Hardy-type local correlation under
incompatible measurements performed on the subsystems.

With these definitions, we are now in a position to prove an important result.
The proofs are detailed in [B.3].

Lemma 2. The bipartite composition of a GPT will be a ’trivial Hardy-local
theory’ whenever its local parts have OD = 2 and satisfy preparation-measurement
reciprocity.

With the help of the above Lemma, we will finally conclude that,

Theorem 10. A mixed preparation device, for a theory (with OD=2 for each
subsystem) obeying preparation-measurement reciprocity on each part, does not
exhibit Hardy nonlocality.

Now, we will show that bipartite compositions of all the discrete operational
models with an even number of pure states and specifically the pentagon model
exhibit Hardy-type nonlocality when a suitably chosen pure product preparation
probabilistically sampled with a pure entangled preparation. Since, for all
such theories the OD is exactly 2, we can identify the absence of preparation-
measurement reciprocity in their topology. We conjecture the same feature also
holds for any odd n-gon models, however, due to the numerical limitations we
are bound with n =5 case only.

Theorem 11. For every even (n)-gon theory and Ve € (0,1], there exists a class of
mixed entangled states We = e®;+ (1 — €)w; ® 0 exhibiting Hardy nonlocality.

In a similar spirit, it is possible to show that the mixed state of odd-gon
theories can also exhibit Hardy’s nonlocality. In the following, we give a proof for
the bipartite pentagon theory.

Theorem 12. For every value of € € (0, 1], the mixed entangled state Wy = e®y +
(1 —¢&)w; ® w; exhibits Hardy-type nonlocality for suitable choice of measurement,
whenever 0; ® ®; € {3 ® W4, M3 X W5, W4 @ W3, W4 D W4, V5 X W3 }.
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While from the perspective of Bell-nonlocality, the polygonal state spaces
exhibit no characteristic distinction (except the quantitative bounds) from their
continuous counterpart (Quantum theory), Theorem [11] and [12] exhibit such a
distinction for Hardy-type nonlocal arguments. However, the signature of such a
difference vanishes considering the bipartite compositions of higher quantum
systems. In particular, for higher dimensional Quantum theory, there are incom-
patible local measurements with the proper choice of separable bipartite state,
which can generate any of the extreme local correlations, and hence there are
mixed entangled states depicting Hardy-type nonlocal arguments. This, in turn,
directs towards the state space topology of the qubit system and the continuity
therein to demonstrate it as unique among the possible two-dimensional state
space structures.

4.4 Inequivalence of entanglement and B-CHSH
nonlocality in polygon models
While all bipartite quantum pure states exhibit nonlocality [97], the pure states
are too idealistic when experimental situations are considered. So naturally
the question arises whether mixed states exhibit such nonlocal behaviour. A
particular family that is of interest to us is the Werner class of states

® 5, (4.8)

| =
| =

Wy =ply )ap(¥v |+ (1-p)

where |y~) := (|01) — |10))/v/2 € C?®C? and p € [-1/3,1]. In particular, for p €
[0,1] the state can be thought of as a statistical mixture of the singlet state and
white noise. Straightforward calculation yields the state W), is entangled for
p > % and violates CHSH inequality for p > % In a seminal result, Werner
established that for % <p< % the statistics obtained from the state W, through
local projective measurements can be explained by local hidden variable model
[98]. Later Barrett extended this model for arbitrary local measurement for the
parameter range p < % [99] (see also [100]). This result is quite important as
it establishes that entanglement and nonlocality as two inequivalent notions.
A similar question one can ask in polygon theories. Our next result partially
addresses this question.

Theorem 13. For all the theories where n > 4, there exists a class of mixed
entangled states that does not violate CHSH inequality.
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Proof. Consider the class of states, WPO = pP;+ (1 —p)u®u, where p € [0,1] and

@, is the state given in Eq. (4.2). Clearly, WPO is a mixed state whenever p € [0,1).

For the odd-gons, the expectation value of any measurement (.#;.#;) on
}"2—

2
3 Ji) . For the state W? the maxi-

the maximally mixed state u ® u reads as <

2
mum value of Bell-CHSH expression becomes IB%maX(WpO )= pIB%gQX +2(1-p) (:ﬁ;i) ,
(n)

where By is the maximum Bell-CHSH value obtained from the n-gonal maxi-
mum entangled state ®;. Denoting the range of the parameter py; of the state
Wpo showing Bell-CHSH nonlocality we have

-1
pre > 8 Bl (1) =2 (7= 1)°] (4.9)

We now proceed to find the range of the parameter p of the state WI? for which
the state is entangled. Note that, unlike quantum theory, in this model, we do
not have any criterion like negative partial transposition (NPT) [101, 102] that
can detect the entanglement of a state. However, if we can find an effect that
is entangled and yields a negative probability on some state, then by definition,
the state must be entangled®. This is because any product state on an entangled
effect always gives a non-negative probability. For the odd-gon theory, it has
been shown that the effects E,;, and E,;, :== u®u — E,, are entangled [106], where

i 1 00

Ep =
b 7 010
0 01

A straightforward calculation yields Tr[EaTpro] =p (ﬁ—‘j) +(1—p) 1:@2' Denoting

the range of parameter of the state WPO as pg for which the state must be
entangled we have

2

Tr[ELWO] <0 = pg > % (4.10)

3At this point, an observant reader should note that in quantum theory all the entangled
states yield non-negative probability on all the entangled effects. This is due to the fact that
state and effect cones are self-dual. However, in abstract GPT, this might not be the case, which
in turn results in different consistent compositions for the same elementary systems. At this
point the Refs.[46, 36, 14, 103—-105] are worth mentioning.
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Comparing Eq. (4.9) and Eq. (4.10), it is evident that pg < pyz V odd n. Therefore
within the range pr < p < pyr the state WPOE is entangled but it does not violate
Bell-CHSH inequality.

For the even gon theory we consider the state Wf = p®;+ (1 — p)u®@u, where
p €10,1] and ®; is the state given in Eq. (4.3). Noting the fact that (.#.4;) on
u®u turns out to be zero in this case and using the entangled effect

V3 AT
—cos, —sin,- 0

= _ nZ _ I
E. = 7| sing cos,; 0
0 0 1

identified in [? ], a similar calculation yields

2 1
DPNL > IB%W’ & pg > X (4.11)

max

where IB%I(I’QX is the maximal Bell-CHSH value for the state ®;. Since for all the
even gons IB%I(I’QX < 4, whenever n > 4 [34], therefore within the range pr < p < pnr
the state Wlf does not violate Bell-CHSH inequality although it is entangled.

This completes the proof. O

Important to note that, for n = 4, we Have ]B%E;‘le =4, which thus leads to the

fact that all the entangled states in this theory are Bell-CHSH nonlocal.

4.5 Discussions

Our study focused on the classification of extreme bipartite states within lo-
cally regular polygonal systems, with a particular emphasis on their nonlocal
characteristics. Utilizing the methodology described in Appendix [B.1], we estab-
lished that the bipartite state space of the square system admits a unique class
of entangled states. In contrast, for local pentagonal and hexagonal systems,
we identified two and six distinct categories of entangled states, respectively.
Furthermore, we observed that while the states given by Eq. (4.2) and Eq.
(4.3), along with their equivalent representations, exhibit characteristics akin to
maximally entangled two-qubit states, the newly identified classes more closely
resemble non-maximally entangled two-qubit states.

To further investigate the nonlocal properties of polygonal theories, we em-
ployed Hardy’s nonlocality argument. Notably, unlike the case of bipartite
quantum theory with local operational dimension OD =2, we determined that
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in even-gon theories, the maximally entangled states satisfy Hardy’s argument
with a success probability of sin? (%). Moreover, as the number of vertices in
even-gon systems increases, the corresponding success probability diminishes.
Conversely, we did not observe an analogous nonlocal effect in bipartite odd-gon
systems with maximally entangled states. However, within the bipartite pentago-
nal theory, we identified an enhanced degree of nonlocality in the non-maximally
entangled states @y, exceeding the maximum success probability predicted by
quantum theory.

Beyond the hexagonal state space, our findings raise several open questions
for future investigation. While we propose a systematic approach for identifying
distinct classes of extreme entangled states, the computational complexity of
this method renders it impractical for arbitrarily large higher-gon theories.
Consequently, the development of a more efficient methodology applicable to
these scenarios is of paramount importance. Additionally, the characterization
of Hardy nonlocality in higher odd-gon theories remains an open problem.






Chapter 5

Harnessing Indefinite Composition of
Spacetime Regions to Access Locally
Inaccessible Data

5.1 Introduction

In the preceding two chapters, we examined the effects of composition on both
timelike and spacelike correlations. However, seminal results such as those pre-
sented in [11] reveal that more general spacetime correlations can emerge when
considering the broader framework of process matrices [2.4]. Specifically, there
exist correlations for which any causal interpretation becomes impossible. These
correlations arise from quantum processes which are conventionally termed as
indefinitely ordered processes.

In this work, we present an information-theoretic perspective on such non-
trivial processes. We define a multiplayer task wherein each player seeks to
retrieve a hidden piece of data from a multipartite quantum state. The data is
encoded in such a manner that no player, through local operations, can access
any information regarding the hidden data. The objective of the players is to
collaborate in order to retrieve their respective pieces of information.

We demonstrate that players embedded within an indefinitely ordered space-
time generally achieve better performance compared to those situated within a
definite spacetime. This task, which we refer to as the Data Retrieval Task, is
described more formally in the following section.

5.2 Data Retrieval task (DR task)

In this section, we formally define the Data Retrieval (DR) task (see Fig.C.1).
A referee distributes an N-dit string message x = x;x2---xy € {0,1,...,d — 1}V
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w Referee w Referee
X = x%y+x, € {0,1,---(d = 1)}" X = xx, € {0,1}?
() = { X pae} x> {185}

AN | SN

S

A A

Alice! Alice? Alice” Alice Bob

F1G. 5.1 Data Retrieval (DR) task involving n parties (left). Referee encodes the stings
X=x1x2-- X, € {0,--- ,d — 1}>" into n-partite quantum states p3, ., ,, € Z(Hu ®
-+ ® Hyn) and distributes the subsystems to the respective parties. Local
marginals being independent of x ensure that none of the parties can reveal any
information about x on their own. However, collaboration among themselves
might be helpful to retrieve their respective messages. (Right) Data Retrieval
task with two-qubit Bell states encoding.
among N parties {Alicek }2’:1, each residing in a spatially separated laboratory.
The referee aims to ensure that no individual party can obtain any information
about the string x on their own. We refer to this requirement as the hiding
condition. To meet this condition, the referee encodes the message into an
ensemble of N-partite quantum states {p¥, ,v}x C 2(®}_H), and sends the
k-th part of the encoded state to Alicef. The hiding condition requires that the
individual marginals of the encoded state be independent of x, i.e.,

ij = TI‘A1,,,AN\A1< [pjlmAN] = Pk, \ X,k, (51)

where Tr 1. 4v 4¢(-) denotes partial trace over all the subsystems except the k"
one. Note that p, can, in general, differ from p,v for k # k’. The goal of each
player is to retrieve their corresponding dit value, i.e., Alice* aims to retrieve the
value x;.

To this end, the parties can adopt different collaboration strategies depend-
ing on the resources that are available to them. If the parties are allowed to
communicate only classical information among each other, then the parties,
performing local quantum operations on their respective shares of the composite
system, can resort to the operational paradigm of local operation and classical
communication (LOCC), which naturally arises in the resource theory of quan-
tum entanglement [84]. On the other hand, replacing classical communication
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lines by quantum channels one obtains a stronger form of collaboration: local
operation and quantum communication (LOQC). It is important to note that if
the encoded states are not mutually orthogonal, then the parties cannot perfectly
determine their respective messages even with LOQC collaboration. In other
words, the perfect success requires the encoded states to be mutually orthogonal,
ie, Tr[p*p¥] =0V x £¥.

Notably, both in LOQC and in LOCC collaborations, the protocol goes in
multi rounds [107]. At this stage, one may impose restriction on the rounds of
communication. For instance, consider the single-opening setup as defined in
Section[2.4.4]: at a given run of the task, each party’s laboratory opens only
once, during which they can receive a system in their laboratory, implement an
operation on it, and send it out of the laboratory, with each step occurring only
once. Such a collaboration scenario is considered while developing the process
matrix framework [11]. In this single-opening setup, we particularly focus
whether causally inseparable processes could be advantageous over causally
separable processes in DR tasks. To address this question, we consider an explicit
example of such a task for the simplest case.

5.2.1 Data Retrieval from Bell States (DR-B task)
Consider the simplest case of DR task with d =2 and N = 2. Referee encodes the

strings x = x;x; € {0,1}? into maximally entangled basis of C> ® C? system:

_ 1
V2

where {|0),|1)} represents the computational basis. Accordingly, the encoded

X — | B 45 (|0x1) + (—=1)*2|1x1)) aB, (5.2)

states are distributed between Alice and Bob. Clearly the hiding condition is
satisfied,

Pas) = Trp)[|B*) ap (B[] = L) /2, V x. (5.3)

Since Bell states are used for encoding, we call this task Locally Inaccessible
Data Retrieval task from Bell states (DR-B). Alice and Bob have to guess the bit
value x; and x,, respectively. Denoting their respective guesses ‘@’ and ‘»’, the
success of the task reads as
L1
PovP =Y ZP(ale,bzxz\%’ﬁg)- (5.4)

xl,x2:0
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| x1x2 | [#8¥) | Alice’s outcome | Bob’s outcome | @ | b | Status |
00 | [o%) P down ] e
oL | 107 —gown down 1|0 failure
10 | W) —gown dowi |10 suceess
) oo

TABLE 5.1 Protocol for DR-B task as discussed in Proposition 3. Success probability

turns out to be PPRB —1/2,

Since the local parts of the encoded states do not contain any information of x,
without any collaboration a random guess by Alice of Bob will yield PPXE =1 /4.

Succ

However, they can come up with a better strategy even without any collaboration.

Proposition 3. Without any collaboration Alice and Bob can achieve the success
PPRE — 12,

succ

Proof. Their protocol goes as follows: both the players performs o2 (i.e. Pauli-Y)
measurement on their part of the encoded state received from the referee. Alice
answers a =0 (a = 1) for ‘up’ (‘down’) outcome, while Bob answers b =1 (b = 0) for
‘up’ (‘down’) outcome. The claimed success probability follows from Table 5.1. [

Proposition 4. Under LOCC collaboration PPEE <1/2.

succ

Proof. The proof simply follows from the optimal probability of distinguishing
Bell states under LOCC [108-110]. N

Proposition 5. Under LOQC collaboration PPEB =1,

sSucc

Proof. Alice sends her part of the encoded state to Bob through a perfect qubit
channel; Bob performs a Bell basis measurement to retrieve both x; & x,, and
classically communicates back x; to Alice. O

Notably, Proposition 5 holds true for any DR task whenever the encoded states
are mutually orthogonal. We will now consider the single opening scenario.
Within this setup, we start by establishing a bound on DR-B success whenever
the players are embedded in a definite causal structure.

Proposition 6. In the single-opening setup PPEB < '1/2, whenever the players are

succ

embedded in a definite causal structure.
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F1G. 5.2 DR-B task: Referee encodes the string x in four Bell states. The players’
strategies to guess their respective bits in single-opening setup are shown
above. Left one depicts the scenario when they are embedded in definite
causal structure (here Alice is in the causal past of Bob). Right one depicts the
scenario when they share some indefinite causal process W.

Proof. (Heuristic argument) Assume that Alice is in the causal past of Bob. Thus

communication from Alice to Bob is possible, but not in other direction, i.e.,

they can share a process of type W/f[ngl By along with the given encoded state

Brg = |PB*) 45 (#*|. Marginal of the encoded state being independent of x, Alice

cannot obtain any information about x from W/’;‘Ijg B8, @ P} Therefore she can

at best randomly guess the bit value of x;, while Bob can identify both x; and

x, perfectly. Therefore success probability in this case is upper bounded by 1/2.

Similar argument holds for the processes of types W/ﬁng[ B, and also for Wfl f?gl By

(see Proposition [3]). Finally note that any causally separable process can be

expressed as Eq.(C.25), and hence the claim follows from convexity. O

As we will see a more formal proof of Proposition [6] can be obtained as
a consequence of one of our core results established in the next section (see
Corollary 2).

5.3 Advantage of causal inseparability in DR-B task

Here we will show that Alice and Bob can obtain advantage in DR-B task
when they share causally inseparable processes (see Fig.5.2). To this aim we
proceed to establish a generic connection between the success probabilities of
two independent tasks - the GYNI game and the DR-B task.

Theorem 14. A success probability PPEE — u in DR-B task is achievable if and

succ
only if the same success is achievable in GYNI game, i.e., PN = p.

The proof is divided into two parts:
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PDR-B —

(1) only if part: = u ensures a protocol for GYNI game yielding success

(ii)

succ

probability PSYN! = 1. The formal proof provided in Appendix [C.1] proceeds
by observing that the GYNI game can be mapped to the DR-B task if Alice
and Bob share an additional Bell state, denoted by %%%. Let i; and i, be
the respective coin toss outcomes for Alice and Bob in the GYNI game,
and they aim to guess i; and i, respectively. By applying appropriate
local unitary operations—specifically, the Pauli gates Zg and Xg—to the
shared Bell state %2%, the initial state is transformed into the Bell state
%Xg‘. Following this step Alice and Bob simply employ the protocol that
guarantees a success probability P2°®E — 1 in the DR-B task.

succ

if part: PSYNI — 1; ensures a protocol for DR-B task yielding success proba-

bility PP¥® = u. Here we provide the explicit details of the protocol while
formal proof is provided in Appendix [C.1]. It is well known that the set of
Bell states #);* cannot be perfectly distinguished using only local opera-
tions and classical communication (LOCC); in other words, the variables
x1 and x; cannot be simultaneously determined by local means. However,
perfect discrimination becomes possible if Alice and Bob are given access to
an additional maximally entangled Bell state, denoted by #%,,. We exploit
this fact by first transferring the information of one of the variables (say,
x1) from the original Bell state into the ancillary Bell state followed by

interchanging x; and x; in the original state, i.e.,
By @ B — B @ By
A'B' AB A'B' AB

This can be achieved by applying a suitable local unitary transformation.
Alice and Bob then perform measurements in the computational basis on
both Bell pairs. Let the measurement outcomes be denoted by u,u’ € {0,1}
for Alice and v, € {0,1} for Bob. Due to the correlation properties of the
Bell states, these outcomes satisfy:

udv=x, and ' ®v =x.

Therefore, if Alice and Bob wish to learn the values of x; and x,, respectively,
it suffices for Bob to send V' to Alice, and for Alice to send u to Bob. This
task is precisely is the GYNI game. Consequently, if a success probability
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u is achievable in the GYNI game, then the same success probability u can
be achieved in the corresponding DR-B task via this construction.

To demonstrate that indefiniteness of processes is necessary to obtain the afore-
mentioned advantage, we show below that any causally separable process (see
Section.[27]) cannot yield a non-trivial advantage in the DR-B task. In fact,
we establish that even extensibly causal processes (Section.[2.4.5]) which are a
strict super set of causally separable processes are insufficient to provide any
advantage in the DR-B task.

Corollary 2. Any extensibly causal process cannot provide non trivial advantage
in the DR-B task.

Proof. We start by assuming that an extensibly causal process WX can provide
nontrival success u > 1/2 in the DR-B task. Now from Theorem [14] its clear that
WEC® ¢+ can win the GYNI game with success probability u > 1/2. But this is
in contradiction to the definition of extensibly causal processes. This completes
the proof. Note that this also serves as a formal proof for Proposition 6. O

Theorem [14] can be easily generalized to bipartite DR tasks with d > 2 (i.e.,
encoding the strings x = x;x, € {0,1,---,d — 1}? into a maximally-entangled basis
of C¢ ® C?) and to higher-input GYNI games. The proof is provided in Appendix
[C.2]. In the following section, we proceed to analyze the necessary condition for
process matrices to be useful in the DR-B task.

5.4 Necessary condition for Quantum Processes to be
useful in DR-B

Theorem [14] establishes that any bipartite process yielding non-trivial success
in the GYNI game, when combined with an additional maximally entangled
state, achieves similar success in the DR-B task. It is now natural to ask whether
all such causally inseparable processes are advantageous in the DR-B task on
their own. Interestingly, we answer this question in negative. In the following
we show that a given process matrix needs to be of some particular form to be
useful in DR-B task.

Theorem 15. A bipartite process matrix, Wa,a,8,8, yielding a nontrivial success
in the DR-B task (i.e., PP > 1/2) must have negative partial transposition across

succ

(AjAo)|(BBo) bipartition.
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Proof. Consider Alice and Bob share a bipartite process Wy, 5,5, for the DR-B
task. Given the encoded state %%, := |%%) 5 (#*|, Alice and Bob respectively
implement two-outcome instruments {N{, 4 }i_o and {Mpz 5 };_, on their
respective shares of the joint process %%, ® Wy,4,8,8,, and give the classical
outcomes a and b as their respective guesses for x; and x,. The success probability
is then given by

Pos? = Z pla=x1,b=x|B5?) (5.5a)
xl,xz =0
=Tr [(‘@AB ® WA[AQB[BQ) {idAAI ®Na/A)/CI_>AO®
i b=x A5t 5+

Here, p(a,b|#%p) := p(a =x1,b = x,|%,5*) is the probability of getting outcomes

a=x; and b = x;, with ¢+ := \¢+> (o ] Accordingly we have

p(a,b| %) = HldABAIBl A %A/A}® I_EBO)HB’B/
(%AB ® WAIAOBIBO) } ¢AA1A/A} ® (PBB]B/B})} 3 (5.6)

where N*) and M*) are the dual maps! of N and M, respectively. Defining,

5ra,b o2 (*)a (*)b .
WA,A’A}B,B’B} = ldAIB, ®N SAA, ®MB BB, (WAIAOBIBO), we obtain

Pla,bl ) = Tr [ (s @ W) (B © 81 @ By ©05)

= TI‘A)A/’B?B/ {(%XB ® x:;?y) (¢’5A+A/ ® (ﬁgBl):|

= Treas | Z5TT55 ) (5.7a)

M98 = Try  [(Tap ® 255§y © B )], (5.7b)
ab Tra g g

%A)B/ = TrA[,A},B[,B; |:W J’(]IA/B/ X ¢.;;A} %9 (P;;B;)j| (57C)

Eq.(5.7a) tells that, any protocol followed by Alice and Bob on the joint process
B @Wa,a,8,B, boils down to performing a POVM {Hf"g}}l. p—o ON HBp. Consider
now, Wy, 4,5,8, is a PPT (positive partial transpose) operétor across AjAp|BiB,
bipartition, i.e., W, lj{g% 3, = 0. Furthermore, N and M? being local CP maps on

Alice’s and Bob’s parts, their corresponding dual maps N*)¢ and M™*? are also

1Recall that, a map AI()*LC is called dual to Ac_,p if Trp[pp{Ac—p(0c)}] = Trc[{Ag)_}C(pD)}GC]
for all pp € 2(Hp) & oc € Z(Hc).
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W

FiG. 5.3 Within the set W of all bipartite processes, W*7 is the set of processes that
are PPT across A;Ap|B;Bo bipartition and W W€ and WC denote the set of
causally-separable, extensibly causal and causal processes. Processes lying
within the convex hull of W7 and WEC yield P2RE < 1/2.

succ

CP on the respective parts. This ensures

2,a,b Ty pp

(WA,A'A}B,B'B;> T >0,Vabe{0,1}. (5.8)
Eq.(5.7¢) and Eq.(5.8) together imply x>, € PPT(C2 ©C2,), and in-fact due to
Peres-Horodecki criteria [101, 102], x{/7, € Sep(C2, @ C%,). Now, Eq.(5.7b) ensures
%% € Sep(C2 @ C3). Therefore, Eqs.(5.5a) & (5.7a) imply

1 o
POEP =2 ¥ Tras [%ﬁgﬂnj;;x“b—“] , (5.9)

X1,X2

which can be thought of as the success probability of distinguishing two-qubit
Bell Basis {|¢*),|y®)} under separable measurement {I1“*},,. Recalling the
result from [110], we know this success probability is upper bounded by 1/2.
This concludes the proof. O

Note that, Theorem [15] provides only a necessary criterion on bipartite
processes to be useful in DR-B task. The fact that it is not a sufficient cri-
terion can be seen from the example of the no-signaling process W45, :=
107) 4,5, (97| ®1a,B,- This particular process is NPT (negative-partial-transpose)
across AjAp|B;Bo bipartition, but according to Proposition [6] it does not provide

a nontrivial success in DR-B task.
Theorem [15] also indicates that not all causally inseparable processes are

advantageous in DR-B task. For instance, consider the process WAC Q”ZB 5, in Eq.
1A40DBIbo
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(2.73), which is known to be advantageous in GYNI task. However, it turns out
Cyril T . . Cyril .

thz.lt (Waro5,8,) Bll.*o >0, .1mp1y1ng Wyuo 5.5, to be PPT across AjAo|B1Bo bipar-
tition. Moreover, it admits a fully separable decomposition across A;|Ao|B|Bo
partition?:

i 1 1

W by = 7l {]I®4 + 7 (63c’c T+ 63]16161):|
:Hmmwm+ﬂmﬁm+mmﬁﬁ

A1AoBiBo

+PPiPPpr o pipipPpr o pipipPpr

+P{ P P*P* + P* P PP (5.10)

A1AoBIBo ;

where, P ::%(Hicﬁ), PY :é(ﬂi\}z(c3+ol)>,
1

1 1
PLi=1(ixol), PP=] (Hiﬂ (03_01)) .
While Proposition [6] excludes all causally separable bipartite processes to be
useful in DR-B task, Theorem [15] excludes processes that are PPT in Alice vs
Bob bipartition. In fact, a larger class of bipartite processes can be excluded for
the task in question.

Corollary 3. Any bipartite process matrix W will not provide a nontrivial success
in DR-B task if it can be obtained through probabilistic mixture of two other
processes W' & W' where W' is extensibly causal and W" is PPT in Alice vs Bob
bipartition.

Proof simply follows from Corollary [2] and Theorem [15] due to the fact that
success probability is a linear function of the processes. A pictorial depiction
of this corollary is shown in Fig.5.3. We now proceed to present an intriguing
super-activation phenomenon involving process matrices.

5.5 Super-Activation Phenomenon

Super-activation, where two or more ‘useless’ resources become ‘useful’ when
combined for a specific task, is a ubiquitous phenomenon in quantum information
processing. Here, we demonstrate super-activation in the context of causal
indefiniteness. Similar results have been established in previous studies [61, 60],
where the violation of certain causal inequalities was used as the utility function
to show super-activation. However, super-activation can manifest with different
utility functions. Here, we consider the success probability in the DR-B task

2A positive operator Oy, € .Z, (Hy ® Hz) is called separable across Y |Z cut if it allows a decom-
position of the form Oy =Y, 0} @ 0%, where V i, 0}, € £, (Hy) & 0}, € £, (Hz).
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as the utility function and address the question: Can there be two quantum
processes W and W', neither providing any advantage in the DR-B task, but yield
a nontrivial success while their composition W @ W' is considered?

Before addressing this question, a careful analysis is required to determine
whether the composite object W ® W’ represents a valid quantum process. As
pointed out by Jia & Sakharwade [111], generally W @ W’ violates the normaliza-
tion condition of probabilities, leading to paradoxes (see also [112]). However,
the composition represents a valid quantum process when one of them is a
no-signaling process, namely a bipartite quantum state, and the other is any
general quantum process. In fact, the existence of such a composition is required
to prove the positivity of a generic quantum process matrix [11]. Particularly,
Eq. (2.64) ensures Wy,a,8,8, € -2 (Ha, ® Hx, ® Hp, ® Hp,,) to be POPT (Positive on
Product test) operator, whereas its positivity in ensured in Eq. (2.65), demanding
existence of the composite process Wy,4,5,8, ® pap. Thus, the question of super-
activation of causal indefiniteness makes sense, and we provide an affirmative
answer to this question.

Theorem 16. There exists two processes W and W' such that the success proba-
bility for DR-B task is bounded by 1/2 for both the processes, but when used in
composition W @ W' we can achieve a success strictly greater than 1/2.

Proof. The proof is constructive. Considering W = WACI )X(ilBl By and W' = ¢,,. While
Proposition [6] bounds success probability of DR-B task for W’ to be 1/2, Theorem
[15] imposes the same bound for W. In both cases, the success 1/2 can be
achieved simply by following the protocol stated in Proposition [3]. On the
other hand, using the protocol stated in Eq.(2.73), a success 5/16(1 +1//2) > 1/2
can be achieved in GYNI game with the process W. Therefore, following the
protocol discussed in the ‘if part’ proof of Theorem [14], we can obtain the
success 5/16(1+1/+/2) in the DR-B task with the composite process W @ W’. This
establishes the super-activation of causal indefiniteness. O

Notably, the pair (W,W') = (W ¢*) is not the only instance of process-pair
exhibiting such super-activation phenomenon — here W can be replaced by
any process W € ConvHull(WE€ UW?PPT)\ WEC and yielding nontrivial advantage
in GYNI game (see fig.(5.3) for definition of the sets WE€, WPT WEC), An inter-
esting question is which other no-signaling processes (i.e, bipartite quantum
states) can be used as W, to activate causal indefiniteness of such Wy,4,5,8,’s? A

partial answer follows from Theorem [15]. Any PPT state p{%7 cannot be used for
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PPT
the purpose as Wy, 45,8, ® Pag

PPT across AjAp|B;Bo. In general, it would be of interest to explore which NPT

is PPT across AA;Ap|BB;Bo whenever Wy, 4,58, 18

states are useful for this purpose.

At this point, the results in [61, 60] are worth mentioning. In [61], the authors
introduce the notion of causal and causally separable quantum processes. While
the causal processes never violates any causal inequality, the causally separable
processes allow a canonical decomposition (see Theorem [2.2] in [61]).> The
authors also provide example of a tripartite quantum process that is causal but
not causally separable. They also show example of tripartite causally separable
processes that become non-causal when extended by supplying the parties with
entangled ancillas. This exhibits a kind of ‘causal activation’ phenomenon. In
[60], the authors provide example of bipartite causally nonseparable processes
that allow causal model, and they also show evidence of ‘causal activation’
phenomenon where combination of two causal process becomes non-causal.

5.6 Advantage of classical causal-indefinite processes in
DR task

Assuming quantum theory to be valid locally, relaxation of global time order
between multiple parties led to the formalism of Process Matrices that accom-
modates the notion of causal indefiniteness [11]. Notably, by assuming local
operations to be strictly classical the authors in [11] have shown impossibility
of bipartite causally inseparable processes in classical case, conjecturing the
same to hold in the multipartite setting as well. However, quite surprisingly
the authors in [113, 114] prove the above conjecture to be false, implying causal
indefiniteness to be a feature not inherent to quantum theory only. In this
section we will analyse whether such causally indefinite classical process could
be advantageous in multipartite DR task. Here we present the main findings by
considering a specific example of a tripartite DR task and refer to Appendix [??]
for detailed explanation of the prerequisites and results.

5.6.1 Tripartite DR task (T-DR)

A Referee encodes the strings x = x1xx3 = x1x]x2x5x3%5 € {0,1}*° into

Pisc = (Bh0)"* © (Bg) " @ (Bey) ™. (5.11)

3In a sense, they have analogy with the notions of Bell-local and separable quantum states.
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and distributes respective subsystems to Alice, Bob, and Charlie. The hiding
condition is satisfied as

p%, i ="Tr ; pXpc = (1/2)%*, Vx, (5.12)

for all 7" € {A,B,C}, where A := BC and etc. Each player guesses a two bit string
and accordingly will be given some payoff. Their guesses are correct if they have
some definitive information about the given messages. For instance, Alice’s guess
aid) could be correct in two ways: (i) she perfectly predicts the given string x;x},
(i1) she perfectly eliminates one of the strings not given to her. Let us define the
sets

$ = $" = {0y, 05y, 057, 1yy'}, (5.13a)
£X = £51%253 . — §X1 o §%2 ¢ §53, (5.13b)

Here 0 = 1 and 1 = 0. Accordingly, the winning condition reads as

(a:=apaia) € $"1) A (b:=bobib) € $*?)
A (e:=cocic) € $) 7

or equivalently, g =abc c £*. (5.14)

The first bit of a player’s guess, i.e., ap/by/co denotes whether they chooses to
identify the string given to them or choose to eliminate it. Our next result
shows that success of T-DR is non-trivially bounded for any such bi-causal
process however there exists a tripartite classical process for which this bound
can be surpassed. This establishes the genuine tripartite indefiniteness of the
corresponding classical process.

Theorem 17. For any bi-causal process the success of T-DR task is always upper
bounded by 3/4, however there exists a tripartite classical process that yields a
success of 27/32 > 3 /4.

The proof is provided in the Appendix [C.3.2]. See Prop.[10].

5.7 Discussions

In this work, we study causal indefiniteness with respect to its utility in re-
trieving locally inaccessible data. We consider a simple data retrieval (DR) task
and demonstrate that, under the single-opening setup, parties sharing causally
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inseparable processes generally outperform those sharing causally separable
processes. Along these lines, we present several intriguing findings, which are
discussed comprehensively below, along with their nontrivial implications.

e Duality between the DR task and the GYNI game.— For the bipartite case,
we demonstrate (Theorems [14] and [C.1)] that if two parties achieve a success
probability u in the DR task from maximally entangled states, a dual protocol ex-
ists to achieve the same success in the corresponding GYNI game, and vice versa.
This implies that the optimal success probabilities for these seemingly distinct
tasks are identical. Duality often plays an important role in both mathematics
and physics by bridging seemingly distinct concepts, and providing alternative
approaches to solving problems that are challenging in one domain but simpler
in their dual formulations. Our established duality offers promising insights
into the nature of indefinite causal structures. In particular, a key question in
causal indefiniteness is determining the optimal violation of causal inequalities
by quantum processes (analogous to the Tsirelson bound for quantum nonlocal
correlations).

This question has been partially explored in a recent work by Liu and Chiri-
bella [115], which proposes nontrivial upper bounds for general causal inequal-
ities, demonstrating their achievability for specific classes, called the single-
trigger inequalities. In this context, the duality we establish could provide an
alternative framework for tackling this problem. Specifically, the optimal success
probability for the DR task hinges on the maximum information retrievable from
bipartite ensembles in a single-opening setup. Hence, deriving a Holevo-like
bound for this scenario could directly inform a Tsirelson bound for causal indef-
initeness. This represents a compelling direction for future exploration, with
potential to deepen our understanding of quantum causal structures.

e Peres-like criterion for bipartite quantum processes.— We demonstrate that
causal inseparability alone is insufficient to provide a nontrivial advantage in
the data retrieval (DR) task. As a result, we derive a stricter necessary criterion
for bipartite quantum processes to be useful in the bipartite data retrieval
task from Bell states (DR-B). Specifically, we show that bipartite processes
Wa,a,8,8, that are positive under partial transpose (PPT) across the A;Ao|BiBo
partition are not useful in DR-B (Theorem [15]), even if they violate a causal
inequality. Consequently, in Corollary [3], we establish that any bipartite process
lying within the convex hull of extensibly causal processes and PPT processes,
ConvHull(WECUWPPT) [see Fig. (5.3)], does not provide any nontrivial advantage
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in the DR-B task. However, it remains an open question whether there exist
processes outside the convex hull that still fail to yield nontrivial success in the
DR-B task.

This result introduces a further layer of classification in the quantum process
space. Since NPT (non-positive under partial transpose) states are generally
more resourceful than PPT states in the LOCC paradigm, a natural expectation
is that a similar hierarchy should also manifest at the process level. However, to
the best of our knowledge, no operational task exhibiting this hierarchy has been
identified in the literature. Our DR-B task provides an explicit demonstration of
such a task, highlighting the greater resourcefulness of NPT processes compared
to PPT ones.

e Super-activation of causal indefiniteness.— We have also reported an intrigu-
ing super-activation phenomenon involving quantum processes. Particularly, an
entangled state shared between Alice and Bob, being a no-signalling resource, by
its own, does not provide a nontrivial success in DR-B task. On the other hand,
a process lying within the set ConvHull(WZ¢ U W?PT) is also not useful for this
task by its own. However, as shown in the only if part of our Theorem [14], any
process W € ConvHull(WEC UW?T) \ WEC violating GYNI inequality will become
useful in DR-B task when assisted with a two-qubit maximally entangled state,
demonstrating the super-activation phenomenon. An explicit example of such a
process is the W process of Eq. (2.73).

e Advantage of causally inseparable classical processes.— Considering the
tripartite version of DR task (T-DR), we have shown that the advantage of
causal indefiniteness in DR task is not exclusive to the quantum nature of
process matrices, rather it persists in classical processes as well. Our T-DR task
demonstrates that certain tripartite classical processes can outperform bicausal
quantum processes (Section [C.3]), establishing the efficacy of genuine causal
indefiniteness.

To conclude, our exploration sheds new light on several previously unexplored
facets of the causal indefiniteness. On one hand, we uncover new structural
characterizations of quantum processes; on the other hand, the established
duality between the DR task and the GYNI game opens up the possibility
of an information-theoretic approach to address the question of the optimal
quantum violation of causal inequalities. Establishing similar dualities between
generalized versions of DR tasks and other causal games may provide new
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foundational insights into the structure of causally indefinite processes, paving
the way for future research directions.



Chapter 6

Classical simulation of composite system
statistics

6.1 Introduction

Classical physics, rooted in intuitive and objective principles, offers deterministic
descriptions of the physical phenomena we encounter in daily life. In stark
contrast, the quantum realm defies classical reasoning, exhibiting phenomena
that challenge conventional intuition. Quantum mechanics—formulated within
the Hilbert space framework—delivers an extraordinarily precise mathematical
account of these phenomena, but it refrains from offering clear physical intuition
about their nature [116-118]. Nonetheless, the advent of quantum informa-
tion theory has highlighted practical advantages of quantum resources over
their classical counterparts in tasks such as computation, communication, and
cryptography [19, 20, 119-125]. In this context, simulating quantum processes
with classical resources promises a compelling research avenue [126—-128]. Such
investigations serve a dual purpose: quantifying the computational and commu-
nicational power of quantum resources while deepening our understanding of the
unique features that distinguish quantum phenomena from classical intuitions.

A hallmark of quantum mechanics, underscored by Bell’s theorem [1] and
corroborated through decades of experiments [2, 129-134], is the emergence
of nonlocal correlations among the outcomes of local measurements performed
on entangled states. These correlations defy any local realistic explanation
[62, 63, 135, 64, 136]. Furthermore, entangled states shared among distant
parties cannot be prepared through local quantum operations and classical
communication (LOCC) [84]. Despite their inherent nonlocality, the local mea-
surement statistics of entangled states can often be faithfully reproduced through
finite classical communication between distant parties holding parts of the com-
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posite system [137—145]. This paradigm extends naturally to quantum channel
simulation, where a receiver (Bob) aims to replicate the statistics of arbitrary
measurements on a quantum state unknown to him but fully known to a sender
(Alice), who aids Bob while minimizing the classical communication required
[146-150]. In particular, the result by Toner and Bacon demonstrated that the
statistics of any projective measurement, also called the von Neumann mea-
surement, on a qubit state can be simulated using just two classical bits of
communication [147]. Subsequent work extended this result to more general
settings, including positive operator-valued measures (POVMs) [23], further
illustrating the feasibility of classical simulation with finite communication
[150].

In this chapter, we argue that quantum channel simulation must go be-
yond replicating local measurement statistics to address more general scenarios.
Specifically, simulations must account for the statistics of composite measure-
ments including entangled basis measurements on Alice’s system and an ancil-
lary system held by Bob. The generalised simulation scenario is discussed in the
next section.

6.2 Generic simulation of a qubit known to sender

The simulation of a quantum channel must perfectly reproduce the statistical
distribution of all possible measurement outcomes, as prescribed by the Born
rule. This encompasses the broader scenario of channel simulation, wherein the
objective is to reproduce the outcome statistics of a joint measurement performed
at Bob’s end.

To formally define this task, consider a scenario in which Alice is provided
with the classical description of a qubit state, given by v := %(Iz + - G), where
 denotes the Bloch vector representation of y. Simultaneously, Bob is given
another quantum state ¢ (not necessarily a qubit), which remains unknown
to both Alice and Bob. If Alice transmits the physical qubit to Bob, it may
experience noise characterized by a quantum channel A. Consequently, Bob
possesses the composite state A(y4) ® ¢p in his laboratory. He may then choose
to implement a joint measurement Mg = {EX;} on the combined system.

According to the Born rule, the probability of obtaining the measurement
outcome k associated with the effect E ; is given by

Pkl s © 05) = Tr [(A(Py) © Pyl ] 6.1
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FIG. 6.1 (i) The generic simulation of a qubit channel A. Alice is provided with classical
description of a qubit state y, € C%, while Bob holds an unknown state ¢5 € C3.
Their goal is to reproduce the statistics of a joint measurement Mg = {EX;}
at Bob’s location, which as per Born rule reads as Tr[(A(Py, ) ® Py, )EX ;]. More
generally, the system B can have arbitrarily large dimension and may also
form part of a larger joint system BC. Solid arrow denotes a quantum channel,
dashed arrow denotes classical communication line, and wavy line denotes
shared classical correlation. Our Theorem 19 establishes a fundamental gap
between classical and quantum resources in this setup. (ii) The situation
naturally arises in quantum network, where some nodes possess the classical
description of the quantum state while others do not.

where Py, and Py denote the projectors onto the respective states (see Fig. [6.1]).
Importantly, the state of system B may be unknown to both parties and could even
constitute a subsystem of a larger entangled state, such as BC. The current work
aims to show that this generalized framework introduces significant challenges
for classical simulation protocols. Importantly, the existing channel simulation
protocols consider only one-round protocols with communication from Alice
to Bob; and communication cost of such a protocol is defined as the minimum
communication required for exact simulation [151, 152]. In general, however, one
may allow multi-round interactive protocols involving back-and-forth classical
communication, which we explore in subsequent sections.

In the following section, we establish a general no-go theorem, demonstrating
that classical simulations of such qubit-based protocols are, in general, highly
inefficient in terms of the required classical communication cost.

6.3 A no-go theorem for simulation of qubit channel

Theorem 18. The generic simulation of the perfect qubit channel is impossible
through one-round protocol by using classical resources alone, even if Alice is
permitted to send an arbitrary but finite amount of classical information to Bob.
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Proof. Here we only provide an outline for the proof. We provide one specific
instance where a simulation with finite classical communication is impossible.
Consider Bob’s state ¢ to be a qubit and for now we assume there is no noise
in Alice’s qubit transmission. Also consider the specific measurement Mg;nglet =
My~ :={Py-,I4 —Py-} only; where |y ™) := %(\Ol) —110)) is the singlet state.The
probability of obtaining the outcome |y ™) is given by:

1 .
Py :=p(w*!w,¢,Ml,r)=Z(l—w-rp)- (6.2)

The most general one round classical communication protocol that Alice and Bob
can implement to simulate the statistics in Eq. (6.2) proceeds as follows: Alice
generates a classical variable m, sampled according to the conditional distribution
p(m|x, y), where x is a shared random variable sampled as p(x), and y is the state
given to Alice, uniformly sampled from the Bloch sphere; Alice communicates m to
Bob; Bob performs a two-outcome POVM M"* = {E"* I, — E™*} on the unknown
state ¢. Since ¢ is unknown to both parties, their protocols are independent of ¢.
Associating E™* with the y~ outcome in Eq. (6.2), perfect simulation demands:

Py = Z/dx p(x) p(mlx, w) (9|[E™*|¢) = (¢[Fy[0),

where Fy =Y, [dx p(x) p(m|x,y) E™ is the effective POVM element imple-
mented by Bob on ¢, given that Alice is provided with .

Consider now the case where ¢ = y, leading to py y = 0, which implies F, =
ByPy., with By > 0 for all y; here |y ') denotes the state orthonormal to |y),
with - = —. Next, consider the case where ¢ = y; here, p,, . = 3, implying
By = % for all y. Thus, whenever Alice is given the state v, Bob’s effective POVM
on ¢ must take the form {%Pﬁ, N %PVA, L}. Since v is uniformly sampled from
the Bloch sphere and is unknown to Bob, it is straight forward to see that no
classical protocol involving only a finite amount of classical communication from

Alice to Bob can achieve the desired outcome. A formal proof is listed in the
Appendix [D.1] O

Any simulation that uses only a finite amount of classical communication,
whether one-way or interactive, remains inherently classical. Extending our
no-go theorem to general multi-round protocols therefore sharpens our under-
standing of the classical limits on emulating quantum dynamics. It is worth
noting that multi-round protocols involving bidirectional communication are
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shown to advantageous both in classical and quantum realms. For instance,
communication from receiver to sender (called the feedback assistance) can en-
hence zero-error capacity of noisy classical channels [153], where entanglement
purification protocol under two-way protocol can surpass the one-way optimal
bound [154]. It is also known that characterizing the multi-round local quantum
operation and classical communication protocols is a hard problem [107]. Given
these subtleties, generalizing Theorem 18 beyond single-round communication
is nontrivial. Nonetheless, We now show that even the most powerful finite,
multi-round classical protocol cannot perfectly simulate a qubit channel. Specif-
ically, we allow arbitrarily large but finite number of back-and-forth rounds
between Alice and Bob, each carrying an arbitrarily large but finite amount
of classical data, and refer to such schemes as finite back-and-forth classical
communication protocols. In the following proposition we show that any protocol
involving finite back and forth communication can be implemented by one way
communication from Alice to Bob.

Proposition 7. Any simulation protocol involving finite back-and-forth classical
communication can always be implemented with finite classical communication
from Alice to Bob, only.

Proof. (Outline) To establish the no-go result for multi-round case, we begin by
noting key structural features of such protocols. Any protocol starting with Bob
can be reformulated to begin with Alice by inserting a trivial first message from
Alice to Bob. Likewise, since the simulation outcome must be produced at Bob’s
end, the final round must involve communication from Alice; any final message
from Bob is irrelevant. Thus, without loss of generality, any valid protocol
consists of an odd number of rounds, beginning and ending with communication
from Alice to Bob. With a finite number of rounds and finite communication per
round, the protocol can be represented as a finite tree: each path from root to
leaf corresponds to a specific sequence of exchanged messages, (m;,my,---,my),
with branching determined by Alice’s input and the shared randomness.

The central idea is that, given this finite structure, Alice can locally com-
pute—in advance—the exact message sequence that would be followed for any
input state and shared variable. She can then compress this sequence into a
single classical message and send it to Bob, thereby collapsing the multi-round
protocol into an equivalent one-round protocol. In Appendix [D.2], we make
this construction explicit for a three-round protocol and show that the resulting
correlations can be exactly reproduced by a single-round protocol. By iterating
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this reduction, any finite-round protocol with bounded communication per round
can be simulated by a one-round protocol with finite classical communication
from Alice to Bob. [

Unless stated otherwise, all subsequent results hold for finite back-and-forth
classical protocols, and invoking Proposition [7], we can restrict to one-round
protocols only. As an immediate consequence of Proposition [7], the no-go result
of Theorem [18] generalizes as follows:

Theorem 19. The generic simulation of the perfect qubit channel is not possible
by any finite back-and-forth classical protocol.

In communication complexity, one quantifies the quantum advantage by the
extra classical communication—typically supplemented by preshared random-
ness—needed to reproduce quantum statistics. Prior results [146-150] show
that, if Bob receives no quantum state, a finite amount of classical communica-
tion can successfully simulate a quantum channel. At first glance, this suggests
that quantum-—classical gaps might be closed with bounded classical resources.
Our Theorem [19], however, demonstrates that even in the simplest nontrivial
setting—two-dimensional quantum systems no finite back-and-forth classical
protocol can emulate a perfect qubit channel.

At this point a fundamental question arises as to whether the necessity of
entangled basis measurements is intrinsic to establishing the no-go result in
Theorem [18]. More precisely, if the joint measurement comprises solely product
or separable effects, can its statistical outcomes be simulated with finite classical
communication? We answer this question in the following section.

6.4 A class of composite measurements that are simulable

with finite classical communication

Let’s start with the simple computational basis measurement:
Mcomp = {P: ®P:, P;®P,1, P, @P;, P.i @Ps. |, (6.3)

can be simulated using only a single bit of classical communication from Alice
to Bob. Specifically, Alice measures her state in the o, basis and transmits her
measurement outcome to Bob, who subsequently measures his own state in the
o, basis.
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A similar protocol applies to the twisted measurement
B
M‘Ew)ist = {Pf ® Pf? PZ ®P2ia Pgl X P)?, PQL ® PﬁL} 5 (6.4)

where Alice measures her state in the o, basis and communicates the result to
Bob. Based on Alice’s communication, Bob performs either a ¢, or o, measure-
ment on his qubit.

The simulation process becomes slightly more intricate when the twist is
applied to Alice’s side, as in the measurement

M) = {P:®P:, P.. ©Ps, Py@P., Py @Pu ). (6.5)

In this scenario, Alice measures her state in both the o, and o, bases and trans-
mits the outcomes to Bob via two separate 1-bit classical channels. This is
feasible as Alice has knowledge of her state and can therefore effectively dupli-
cate it. Bob then measures his qubit in the o, basis and selects the appropriate
bit from Alice’s communication based on his measurement result. An alternate
protocol is possible using 1-bit of communication from Bob to Alice, followed by
1-bit from Alice to Bob: Bob performs o, measurement and communicates the
outcome to Alice, who accordingly performs either o, or 6, and communicates
back her outcome. Notably,both protocols involve 2-bit of communication. In this
regard the following observation is noteworthy.

(4)

twist
unknown qubit cannot be reproduce at Bob’s laboratory with 1 bit of communica-

Observation 1. Outcome statistics of M on Alice’s known qubit and Bob’s

tion.

The proof is obtained utilizing the fact that in random-access-code (RAC)
task, a qubit provides an advantage over the classical bit [42, 155] (see Appendix
[D.3]). Considering the most general product von Neumann measurements, we
establish the following result.

Theorem 20. Statistics of any product von Neumann measurement on a qubit,
known to Alice, and an unknown qudit held by Bob can always be simulated at
Bob’s end by finite classical communication from Alice to Bob.

Proof. It is known that any product von Neumann measurement in C? @ C¢
are implementable under LOCC [156]. Proof of our theorem follows a similar
reasoning as of theirs. A generic orthonormal product Basis (OPB) of C? @ C¢
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F1G. 6.2 Twisted-butterfly measurement M;,: In Alice’s part the projectors
{PQ,PA.L,PI% ,P41 } are involved, while in Bob parts the projectors {P:,P;., P4, PB L}

V4
are used.

takes the form B = U;B;, with
B := {|a) ®|Bij), o) @ |Bij)}, (6.6)

where, (Bj(B:y) = (Bij|Br ) = 8;6;; and for i # 7, (Bi|Bi ) = 8;;. Notably, the
subspaces S; = Span{|B),;,[B:;) } ; at Bob’s part are mutually orthogonal. To simu-
late the statistic of von Neumann measurement on the basis B they apply the
following protocol: (i) Bob performs a measurement distinguishing the subspaces
S/’s, while Alice performs measurements M; = {Py,,P .} on different copies of
her known state, and through different classical channels she communicates
0;(1;) whenever the projector Py, (Py.) clicks; (ii) Bob considers the communication
from /" channel if his projector corresponding to S; subspace clicks, and then he
performs a measurement that distinguishes the states {|B),;} if Alice’s communi-
cation is 0;, otherwise he performs a measurement that distinguishes the states
{] E) ; j}. This completes the proof. An explicit example is discussed in Appendix
[D.4]. O

Theorem [20], however, does not fully resolve the question of whether all
product POVMs can be simulated with a finite amount of classical communication
from Alice to Bob, as there exist measurements involving only rank-1 product
effects, but not LOCC implementable. For instance, inspired by an construction
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in [157], we consider the following POVM:
[T :=P; ®P,.
M, = < Iy = K’P&L @ Ps, Iy := KPiL ®QPg 2, (6.7)

I13 := KP3®P2,H32 = KPEL Pz,

where x := 3/4. We call this the twisted-butterfly POVM M,;, a name justified by
its structure (see Fig.[6.2]).

Lemma 3. The POVM My, is not implementable by Alice and Bob under the
operational paradigm of LOCC.

Proof. The proof simply follows an argument provided in [157]. The measure-
ment M, perfectly distinguishes the set of orthonormal states S3 = {|y) :=
01), [w2) := (197) = 110)/v2, |ys) == (197) +110))/v2} C C*®C?, as Ty[[I;Py,] =
o01; and Tr[(ITj +p)Py,] = &, for i € {2,3} & j € {1,2,3}; here [¢p~) := (]00) —
|11))/+/2. On the other hand, |y») & |y3) being entangled, the set S3 is LOCC
indistinguishable [158]; and hence proves the claim. O

Although the measurement M, is not LOCC implementable, quite interest-
ingly, it turns out that the statistics of this measurement on a qubit state known
to Alice and an unknown qubit state provided to Bob can be simulated at Bob’s
end with finite classical communication from Alice (See Appendix [D.5]). Instead
of proving this particular claim, in the following we establish a more generic
result.

Theorem 21. Statistics of any separable measurement on a quantum state known
to Alice and an unknown state of another quantum system provided to Bob, can

always be simulated at Bob’s end by finite classical communication from Alice to
Bob.

The proof is provided in Appendix [D.6]). Here, we note that Theorem [21] ad-
mits a natural generalization to multipartite settings. In this scenario, multiple
distant senders—Alice-1, Alice-2,-- -, Alice-n—each receive a classical description
of a local quantum state yy, € Cdii , known only to the i** sender. The receiver,
Bob, holds an unknown state ¢z € C% and aims to reproduce the statistics of
a K-outcome measurement My, ...,z = {H/’; 1A, B | b=1,--- ,k} on the joint state
QT W, @ ¢p. As shown in Theorems [24i and [25] (see Appendix [D.7]), the
statistics can be simulated using only finite classical communication among the
parties whenever each of the effects Hﬁl_,_ 4,5 S are fully separable [84].
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Theorem [21] is important as it establishes that the no-go result in Theorem
[18] necessitates considering a measurement involving entangled effects on the
joint system of Alice and Bob.

In the following section we study the scenario of simulating a noisy qubit
communication.

6.5 Generic simulation of a noisy qubit

Thus far, we have focused on the simulation of perfect qubit channel. A natural
extension is to ask whether the no-go result of Theorem [18] applies to imperfect
qubit channels. To address this, we consider the qubit depolarizing channel
Dy, : 2(C?) — 2(C?), defined as Dy (p) := np + (1 —n)%, where n € [0, 1]. We now
analyze the classical simulability of this particular class of channels.

Theorem 22. For all n € [0,1), the qubit depolarizing channel Dy can be sim-
ulated with a finite amount of classical communication from Alice to Bob. The
required communication increases as N — 1.

Proof. Given a known state y = (I, + - 6), if Alice can ensure that the state
Dy (y) = 3(I,+1n V- 6) is reproduced at Bob’s laboratory, then any generic mea-
surement statistics can also be reproduced by Bob. Let Alice be allowed to
communicate m classical bits to Bob. To reproduced the state D, (y) at Bob’s end
their protocol proceeds as follows:-

® (i) Shared Randomness: Alice and Bob share a classical random variable
X € U(C?), which is drawn Haar-randomly from the set of unitary operators
on C2.

* (ii) Predefined States: Before the protocol begins, Alice and Bob agree on a
set of 2" equally spaced Bloch vectors { (Z),-}?'an with the corresponding qubit
states {@;}2,.

* (iii) Overlap Computation and Communication: Given the input state vy,
Alice computes the overlaps Tr[XP4 X'Py] for all i and identifies the index i*
that maximizes this overlap. She communicates the index i* to Bob using
m-bit classical communication.

* (iv) State Preparation at Bob’s End: Upon receiving i* and having access to
the shared variable X, Bob prepares the state XPg,, X',



6.6 Discussions | 103

65~ 0.615 6, ~ 0.955 0, =m/2

- 0,

F1G. 6.3 [Left] Generic Simulation of the Qubit Depolarizing Channel D, : 2(C?) —
2(C?). Given a qubit state y = 3 (I, + {- 6) to Alice, the state prepared at Bob’s
end is of the form XPy, X', where X is a Haar-random unitary on C?, and the
vector @ lies within a cone of half apex angle 6,, centered around . Averaging
over the random unitaries X, the state at Bob’s end becomes %(Iz +1n(6,) ¥-0),
effectively simulating a depolarizing channel with parameter 1n(6,,). As the
communication m increases, the apex angle 6,, decreases, leading to a higher
value of 11(6,,), and hence a less noisy depolarizing channel. Here we illustrate
three such cases (not to scale), shown respectively in black, red, and blue,
corresponding to increasing communication levels m; < m; < ms. [Right] Solid
curve depicts variation of n(6,,) with 6,, [see Eq.(D.36)]. Values of (6,,,1(6,))
for 1-bit, 2-bit, and 3-bit communication are shown.

As shown in the Appendix [D.8], on average the state D, (y) is prepared at Bob’s

laboratory. The parameter 1 approaches unity as the number of bits m increases,

thus allowing increasingly accurate simulation of the depolarizing channel (see

Fig (6.3)). O

Let n(m) denote the value of the parameter n achieved following the above
m-bit protocol . In general, deriving an exact expression for 7n(m) for arbitrary
m is challenging, as it depends on the specific choices of Bloch vectors {(I)l}lzz1
(see Appendix [D.8] for more details). However, for small m’s we can have
some natural choices of Bloch vectors — (m=1): 2 diametrically opposite vectors,
yielding n(1) = 1/2, (m=2): 4 vectors forming a regular tetrahedron, yielding
n(2) = (3++/3)/6 ~0.789, and (m=3): 8 vectors forming the vertices of a cube,
yielding n(3) = (3 ++/6)/6 ~ 0.908.

6.6 Discussions

We have generalized the channel simulation task which has a long history in
literature [146—-150]. While the standard simulation scenario allows efficient
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classical protocols, in the generalized task we have shown that simulation of a
perfect qubit channel requires an unbounded amount of classical communication
from Alice to Bob, even when augmented with arbitrary pre-shared classical
correlation. In particular, even though Alice has complete classical knowledge of
her qubit state, the unknown state provided to Bob prohibits an efficient classical
simulation.

This finding raises some deep foundational questions. For instance, in the
standard simulation scenario, it has been shown that simulating any POVM at
Bob’s end with finite classical communication from Alice is possible if and only if
there exists a y-epistemic model underlying quantum theory, where quantum
wavefunctions represent an agent’s knowledge about the system [149]. Extension
of this result to the generalized simulation scenario along with our no-go results
(Theorems [19]) would suggest a y-ontic nature of the qubit wavefunction. That
is, wavefunctions correspond to intrinsic properties of the system rather than
merely an observer’s knowledge. Such a conclusion would align with the claims
of the Pusey-Barrett-Rudolph (PBR) theorem [159]. Additionally, it would offer
a pathway to weaken the Preparation Independence assumption used in the
PBR theorem, an assumption that has faced criticism [160]. On the other hand,
inspired by studies like [161], it would be intriguing to examine the status of
Theorem [18] when Bob’s unknown state is restricted to a predefined set.



Chapter 7

Summary and Future outlook

¢ Chapter 3: In this chapter, we investigate how different composition rules
between quantum systems influence the timelike correlations observed
in the resulting composite theory. In particular, we demonstrate that the
SEP composition of two elementary qubits can yield strong timelike cor-
relations that are unattainable under the standard quantum composition.
Furthermore, we show that this gap in achievable correlations can be made
arbitrarily large when considering the SEP composition of a large num-
ber of qubits. An interesting future research direction is to identify even
stronger timelike correlations arising from non-quantum composition rules
and to formulate an information-theoretic principle that constrains the
composition rule uniquely to the quantum case. Such a principle would
provide a fundamental, information-theoretic justification for the tensor
product postulate in quantum theory.

¢ Chapter 4: This chapter presents a systematic framework for characteriz-
ing pure entangled states in bipartite polygon theories. We show that for
bipartite polygon systems with five or more sides, one obtains the notion
of non-maximally entangled states, which are absent in the well-studied
bipartite four-sided polygonal state spaces. We also observe a distinctive
feature of these polygonal theories: mixed entangled states can exhibit
Hardy’s paradox, in contrast to two-qubit entangled states in quantum
theory. We further establish that, in general GPTs, mixed states cannot
exhibit Hardy’s paradox due to a key property—prepare-measure reci-
procity—present in quantum theory. This study raises broader questions
about the fundamental features of quantum theory that determine the set
of quantum correlations achievable in Bell scenarios. A deeper exploration
of local state-space structures and entanglement properties in such theories
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could provide further insights into the elusive characterization of quantum
correlations.

* Chapter 5: In this work, we introduce and analyze a multipartite information-
theoretic task—Data Retrieval from quantum states. We show that agents
operating within an indefinite causal order generally outperform those
constrained to a definite causal order. For the bipartite version of the Data
Retrieval task, defined using Bell states, we establish that the optimal
success probability coincides with that of the well-studied causal inequality
known as the GYNI game. We also prove that processes that are positive
under partial transpose (PPT) with respect to a given bipartition do not
outperform causally separable processes, thereby suggesting a new form
of resource classification within the process-matrix framework. Further-
more, we propose a tripartite version of the task and demonstrate that
even classical indefinite-order processes can offer an advantage. Future
work could focus on identifying richer variants of the Data Retrieval task,
potentially connected to other causal inequalities, and exploring additional
information-theoretic tasks where indefinite causal order provides a strict
advantage.

¢ Chapter 6: This chapter examines the simulation of quantum channels in
general network scenarios involving composite measurements. We prove
that it is, in general, impossible to simulate a given channel in the network
using only finite classical communication. Remarkably, this impossibility
persists even when arbitrary but finite rounds of two-way communica-
tion between sender and receiver are allowed. However, for a specific
class of composite measurements—separable measurements—we show the
existence of an efficient simulation protocol. Our results also have foun-
dational implications: in standard simulation scenarios, it is known that
reproducing the statistics of any POVM at Bob’s end via finite classical com-
munication from Alice is possible if and only if there exists a y-epistemic
model of quantum theory, wherein the wavefunction represents an agent’s
knowledge of an underlying reality. Extending this reasoning to our gen-
eralized simulation framework, our findings suggest the impossibility of
such y-epistemic accounts, instead supporting a y-ontic interpretation
of the quantum state, where the wavefunction encodes intrinsic physical
properties of the system.
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Appendix A

Supplementary Material for Chapter [3]

A.1 Proof of Theorem [6]

Proof. We have already argued in theorem [6] that four qubits are necessary to
12]

win 3”1[) perfectly. Here we show a detailed argument for the thorem, that two

SEP-bits suffice for winning this game. Alice starts by choosing the following
encoding states

( \
a)zz—]zz 2|, O =|xx)(xx|, @y =]|yy) (|

Zl, g = |XX
9[12] — |Z ZZ| XX | (Végg((:z) . (A

{ )
{ )
(Z2l, o =)
( )

)
2)
Wz = |Z2)
)

| W0zz = ’ZZ _‘ , Wz = |X

where |af3) := |a) ® |B) and |k) (|Kk)) is the eigenstate of Pauli operator o, with
eigenvalue +1 (—1), with k € {x,y,z}. If two states are orthogonal then they can be
perfectly distinguished in quantum theory and hence can also be distinguished
in SEP theory since all the quantum effects are also allowed in SEP theory.
However, in the above set th}ere are states that are not orthogonal to each other.
12

For winning the game QZ[D in SEP theory we need to show that those states
are perfectly distinguishable in SEP theory. This immediately follows from the
result of Arai et al. [69]. For completeness of our proof, here we argued the

same and provide the detailed calculations. Consider the following two operators



122 | Supplementary Material for Chapter [3]

mentioned in Eq.(3.2)

0 0o 1 0 0 -3
o 1 1 0 0o 0o -1 o0
El = A & E= . (A.2)
0 1 1 0 0 -2 0 0
1 1
;7 0 0 0 -0 o0 1

Consider an arbitrary bi-partite product state @, = 3[I+7.6]® 3[I+7.6] where
it = (n1,n,n3) and m = (my,mp,m3) are the Bloch vectors of the corresponding
systems. Straightforward calculation yields

14+nymy —nzms
2

I —nymy +nzm3

TI‘(El (Onm) = >

(A.3)

& TI'(EQCOnm) =

For arbitrary choices of Bloch vectors 7i & 7 the above expressions are always
positive which assures that E|,E; € &P, Furthermore the fact E; +E, =1
ensures that M = {E|,E,} is a valid measurement is SEP theory. From the
expression in Eq.(A.3) it is immediate that

Tr(E| @y ) = Tr(Eq |xx) (xx|) =1, Tr(E\@;) =Tr(E|zz) (zz]) =0,
X 1

—1
Tr(E, o) = Tr(E; |xx) (xx|) =0, Tr(Er,) = Tr(Es|zz) (zz]) = 1.

Thus the pair of (nonorthogonal) states { .y, ®.;} can be distinguished perfectly
in SEP theory with the measurement M = {E|,E, }.

We will now argue that similar measurements can be constructed for any
pair of non-orthogonal states in the set Q[12]. For that we first note down the
following observation.

Observation 2. For any E € &7 we have (Uy @ Up)E(U; @ U}) € &5EF where Uy
is a unitary on Hy and Ug is a unitary on Hp.

Consider the following set of unitary operations acting on C?

11 =i 10 10 10
A= — Ay = | By = ,B):=
V2 \—-i 1 0 1 0 1 0 —i
U
11 0 —i 10 10
Ai=— '), az= ), By = B :=
2\i 1 i 0 0 —I 0 i
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Wyy Wyy Wyy Wyy Wzz Wzz Wszz wWzz
wyx || BYAY ® BYAL|BSAY @ BYAY| BY AY ® BY Al | BYAY ® By AY || BY A3 & BX A3 | BY A3 @ BY A% | BY A ® BY AL | B A ® BY A3
wyr || B§AY ® BYAY| Bf A} ® BYAY| B3 AY ® Bf A% | BEAY @ BY AY || BY A% & BY A3 | BY A2 @ By AZ| BY AZ @ Bf A3| BY A% ® B} AZ
wyr ||Bf A} ® BYAL|Bf A} ® B§A] | Bf A ® BY A | B A ® BEA] || Bf A3 @ BY A3 | Bf A3 @ Bf A% | B§ A3 @ B A3| B A @ BY A%
wer || BYAY ® BY AL | B A} @ BYAY| BY AY ® BY A} | BYAY ® BY AY || BY A3 & BY A3 | BY A3 @ BS A% | BE A% @ Bf AL | BS A% @ B A3
g NA QD QD QD BJ A3 @ By A3 | By A3 @ By A% | By A3 @ By A3 | By A3 ® BY A
wyy QD NA QD QD BJ A3 @ B A3 | By A3 @ B] A | By A3 @ BY A3 | By A3 ® By A%
wyy QD QD NA QD BY A5 & By AL | BY AZ @ By A% | By A% ® BY A3 | B AZ ® By AZ
wygy QD QD QD NA BY A3 @ By A3 | BY A%  B] A7 | B{ A3 ® BY A3 | B A7 ® BY A%

Fi1G. A.1 Each cell here denotes the explicit form of unitary U; ® U,. For ex-
ample (BJA) ® B{A;) can be used to construct the measurement M' =
{((BgAY)" @ (BSAY)))E1 (ByAy @ BSAY), (ByAy)T @ (BEAY) ") E2(ByAy @ BEAY) } to dis-
tinguish |xx) and |yy) perfectly.) QD stands for states which are distinguishable
in Ordinary Quantum Composition. These states are definitely distinguishable
in SEP composition since effects allowed in Quantum theory are also allowed
in SEP theory. The cells named NA are invalid questions as ' # 1 in Q(n,n’).

Any pair of non-orthogonal states in Q[12] can be perfectly distinguished
with a measurement M’ = {E{,E}} which is connected to the measurement M
through some product unitary U; ® U;, where U;,U; € U. The measurement M’
is therefore M’ = {(Ul.T ® U}L)El UioU), (Ufe U;)EQ(U,- ® Uj)}. Proper choices of

the unitaries for different pairs are listed in Figure [A.1]. O

A.2 Proof of Theorem [7]

Proof. Let us denote the bipartite-elementary system in SEP as C? ® i, C* whose
state space is constructed through minimal tensor product of the state space
of two qubit systems. We have already seen that there are at most twelve
pairwise distinguishable states i.e., Ip(C? @i, C?) = 12. Let us denote these
twelve states as i € {1,---,12}, where any two of them such as {i,j} can be
pairwise distinguished through some elementary SEP measurement whenever
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Consider k number of bipartite-elementary systems (C? ®y;, C?)®mink and the
2k-parties product state

X=1QRbh® QiR i, (A.5)

where i; € {1,---,12} V¢ € {1,--- .k} and  denotes the " bipartite-elementary
SEP. Consider another such 2k-parties product state

Y=1QphR Q@R ji, (A.6)

where j; € {1,---,12}. The state X will be perfectly distinguishable to the state
Y whenever i; # j; for at least one t € {1,---,k}. For that particular " bipartite-
elementary system Bob will follow the pairwise distinguishability strategy as
discussed in the proof of Theorem 1. Therefore, for 2k number of SEP-bits we can
construct a set of 12 number of different states that are pairwise distinguishable
by following the aforesaid procedure.

The construction above ensures that while playing the game Qzl[)lzk] with
elementary SEP bits, communication of 2k SEP bits from Alice to Bob suffices
for a perfect winning strategy. Alice encodes her messages is the set of states
constructed above and Bob decodes the messages based on the question given
to him. It is not hard to see that 2k + [klog3| number of qubits communication
is necessary for winning this game. Here, [x| denotes the ceiling function
of x and log is in base 2. In other words, the advantage of SEP composition
over quantum composition increases linearly with the increase in number of
elementary systems. Here we would like to mention that the advantage we have
reported might not be optimal. There is potential to get more advantage. Note
that during the decoding step Bob addresses (at most) two elementary systems
together in the strategy we have considered. There is a possibility that the
number of pairwise distinguishable states will increase if Bob addresses all the
systems together during his decoding process. O
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B.1 Finding extremal entangled states in bipartite
polygon models

Any unnormalized state in the maximal composition of the bipartite polygon
system can be represented as a vector in R, which can also be represented as a
3x3 matrix,

ay dz as

) as as ag |, a <R (B.1)

ay dag dyg

Positivity of outcome probability demands Tr[eT (®)] > 0 for any effect allowed in
this theory. Note that in maximal composition only product effects are allowed
which forms an effect cone in R?, with the ray extremal effects 27, /[n] as defined
in Eq.(4.1b). Therefore, the required positivity is assured once it is checked that
Trle” (@)] >0, V e € P, f[n).

Normalization of the state is defined with the help of unit effect u := uy ® ug,
which demands Tr[u" (®)] = 1, and accordingly we have ag = 1. Thus a normalized
state reads as

ay ady ajs
P = as as ag |, (B.2)
a7 ag 1

and the set of normalized states forms a 8-dimensional polytope embedded in R°.
To find the extreme points of the normalized state space, first note that the
inequality Tr[e(®)] > 0 represents an 8-dimensional half-space for any normal-
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ized state ® and for any effect ¢ € Z,¢[n]. If we represent this expression as
equality, i.e., Tr[e(®)] = 0, then it corresponds to a 7-dimensional hyper-surface.
Now for a different ¢/ € &, ¢[n] the equation Tr[¢/(®)] = 0 corresponds to an-
other 7-dimensional hyper-surface which is either parallel to the hyper-surface
corresponding to the effect ¢ or they intersect each other in a 6-dimensional
hyper-surface. Now for a third effect ¢”, if the 7-dimensional hyper-surface
Tr[¢” (®)] = 0 is not parallel to the hyper-surfaces corresponding to e and ¢’ then it
may intersect them in the same 6-dimensional hyper-surface (the intersection of
Tre(®)] = 0 and Tr[e¢'(®)] = 0 hyper-surfaces) or these three intersect each other
in a 5-dimensional hyper-surface (See Fig. [B.1] for visual representation). By
proceeding this way, at some stage, 8 different hyper-surface corresponding to
eight different effects from &, ([n] will intersect at a single point, which corre-
sponds to a normalized pure state. Mathematically this boils down to checking
the uniqueness of the solution for a system of linear equations. The eight differ-
ent effects from the set &, ([n] can be chosen in "’ g different ways. All of these
choices will not lead to a unique solution, but whenever it does, we obtain an
extremal bipartite state for the maximal composition of the polygonal systems,

(11T)

Fi1G. B.1 Three mutually non-parallel planes in R? can intersect each other in three
different ways. While in case (I) all three planes intersect in a common line, in
case (II) each of the pairs intersect in different lines. On the other hand, in
case (IIT) they intersect in a common unique point, which is of our interest.
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provided the positivity constraints are satisfied. See the Appendix [B.1] for a
more detailed discussion.

Once an extreme state @ is identified, it is then straightforward to check
whether it belongs to the set 2;[n| or not. If it does not belong to the set &7[n|,
it corresponds to an extreme entangled state. Furthermore, the entangled states
can be classified (see Definition 31) with the help of local reversible operations
chosen from the set Typ[n].

As discussed above, the amount of computations needed to find all the extreme
states grows drastically with the number of extreme states of the elementary
polygon systems. However, we can cut down this search space significantly
by looking into the structure of the problem. Firstly we note that finding all
extreme states is not necessary to find the entanglement classes. Once we have
one state from each class, we can find all other extreme states by the action of
the Local reversible transformations. Here we discuss a method to directly find
a representative element for different entanglement classes.

As noted earlier atleast 8 hyperplanes are required to find out an extreme
state. These hyperplane equations essentially represent positivity conditions.
For the bipartite n-gon system let us denote the set of all extreme product effects
as P,f[n) ={E1,...,E,»}. Let the set S; = {&;}}_; C Z,¢[n] lead to a solution state
(extreme) w; and the set S, = {b j}§:1 C P,y[n] lead to a solution state w;.

Definition 35. Local reversible equivalence: Two sets S| and S» will be called
equivalent under local reversible transformation (LRT) if 3 s1,s2 € {+,—} and
ki,ky € {1,...,n} such that S, = Uf;:]{(Till ®Ti§)a,~ | a; € S1}.

In such a case the corresponding solutions @, and @, must also be LR equiva-
lent, i.e., @ = (Till ® Tii)a)l. To formally characterise this LR connected solutions
in a systematic way we recall some preliminary concepts from group theory in
the following subsection.

Preliminaries concepts from group theory

Let G be a finite group and let O¢ denote a set of objects on which the group
elements act. The set OC is closed under action of group elements, i.e. g(o;) €
06VgeG & o €06,

Definition 36 (Fixed point). An object f € O is the fixed point of g € G if it
remains unchanged under the action of g, i.e. g(f) = f.
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Definition 37 (Orbit). The orbit O, of an object o € OF is given by the set

0,:= J{s(0)}-

geG

It is straightforward to see that if two objects 0; and 0, are related by some
group action then O,, = O,,. Thus the set of all orbits partitions the collection
of objects O into disjoint sets. Also, it can be noted that every object belongs to
exactly one orbit. Here we recall the orbit-counting theorem by Burnside [162].

Lemma 4 (Burnside’s Lemma). For a group G acting on a collection of objects
OC, the number of orbits is given by

# of orbits = L Z # of fixed points of g

where |G| is the cardinality of the group G.

Group structure of LRT in bipartite polygon models

Since Till represents rotations and reflections, i.e., an element of dihedral group
D,,, we can observe that {Ti‘1 ® TE 51,50 € {+,—} and ky,ky € {1,... ,n}} also forms
a group which we denote by sznz. We use this notation because this group is

isomorphic to the group formed by the cartesian product of D,, with itself. That
is sznz =~ D,, x Dy,. Now we define the set of objects oV as

oV — {{ai,...,as} | ai € Posln]}.

An object {f1,..., fs} is called a fixed point of T,?l ® T,Z € Dy if

Till ®TZ ({fla'“?fS}) = {f17--'7f8}‘
The orbit of an object {A1,...,hg} € OP> is given by

O,y = U {8({h,....hs})}.

X2
g€D2n

Since objects of one orbit are not connected to objects of another orbit by LRT,
therefore, instead of evaluating all the ”ZCg possible cases for finding valid
solutions, we can restrict ourselves to evaluating just one object from each orbit.
This helps us in reducing the search space drastically. A list comparing this
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n ”ng # of orbits
4 12870 283

5 1081575 11103

6 30260340 213962

TABLE B.1 Number of orbits for bipartite polygon systems.

reduction is shown in Table [B.1]. Let O denote set of all orbits and let x(O) be
the representative object of an orbit O € O. We can now define a set X; as

X, = {x(0) | O € O}.

Now we check whether the elements in X; lead to a unique solution, i.e. whether
the 8 hyperplanes corresponding to this object intersect at exactly one point.
Using this we define the set X, as

X, = {y1 € Xj | y1 leads to a unique solution}.

The intersection of 8 planes doesn’t necessarily imply that the solution satisfies
all the positivity conditions since the intersection of the 8 hyper-planes could lie
outside the state space. So we define X3 as

X3 ={y € X; | y; satisfies all positivity conditions}.

The elements in X3 are then analyzed to check if any of them are connected by
local reversible transformations, which then lead to the end result of entangled
states representative of each entanglement class.

Orbit counting: Box world

In the elementary Box world theory reversible transformations are the four
rotations about the perpendicular axis passing through the centre, i.e. rotation
about 0, /2, n, and 37/2 radians; and four reflections (along the two diagonals
and the two lines connecting the midpoints of the parallel sides). These four
reflections can also be obtained by fixing only one reflections and then followed by
four rotations. We denote the four different rotations by {]I, rre, r3}. Let us take
the reflection that takes the effects e, e1,e, and e3 to e3,e;,e; and ¢y, respectively
to be f1. Then the four reflections are given by {f,rf,r*f,r*f}, yielding the full

IPlease note that here the sub-index of ¢; takes values from {0,---,3}, whereas in main
manuscript it takes values from {1,---,4}. However, this does not change the orbit counting.
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© || e | o | & | & |
e 1 2 3 4
e 5 6 7 8
& 9 10 11 12
el 13 14 15 16

TABLE B.2 The effect ¢; ® ¢; is assigned a natural number following the rule ¢;®e; —
4i+ j+1, where i, j € {0,1,2,3}. For instance, ¢) ® £ is assigned 12 (third
row fourth column).

set of reversible transformations

R= {]I,r,rz,r3,f,rf,r2f,r3f},

where ab operation implies operation b is followed by operation a. In the case
of the composition of two such systems shared between Alice and Bob, we will
denote the sets as

2 .3 2 3
RA = {HA7rAarAurA7fA7rAfA7rAfA7rAfA}a

2 3 2 3
RB = {]IB77’B ,I’B,I’B,fg ,rBfB ,rBfB 7rBfB}-

Thus the set of all Local Reversible transformations on the composite system is
given by

LRyox = {ta @1p|ta € Ry, 13 € Rp}.

Any product effect can be assigned a natural number using the rule ¢;®e; —
4i+ j+1, where i, j € {0,1,2,3}, which is shown in Table [B.2]. With this notation,
if Alice applies the transformation r4 on her part then each row in Table [B.2]
steps downward and the last row wraps back to the first row. Similarly, for rp
each column shifts one step rightwards and the last column wraps back to the
first column. On the other hand, the operations f4 reflects the Table [B.2] about
the central horizontal line, i.e. row —1 <> row —4 and row — 2 <+ row — 3; and
under fp we have column — 1 <> column — 4 and column — 2 +> column — 3. All
other local reversible transformations of Table [B.2] can be obtained by suitable
combinations of these elementary operations (see Fig. [B.2]).

We now move on to calculating the number of orbits. For that, according to
Burnside’s Lemma, we need to find the number of fixed points for every local
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112|3|4 1314|1516 4111213
5|16|7]|8 112 |13]|4 85|67
9 (10| 11|12 5|6 |78 1219 |10 N
131141516 9 10| 11|12 16 ({13 |14 | 15
(a) (b) (c)
131141516 413211 5|8|7]|6
9 |10 | 11|12 8|7 1]6|5 11432
51678 12|11 (10| 9 13116 15| 14
112314 16 15|14 | 13 9 |12 | 11|10
(d) (e) ®

F1G. B.2 Under the local reversible transformations (LR;,,), the arrangement of the
numbers (associated with the product effect) in Table [B.2] gets modified. Here
we show few examples: (a) I4 @15, (b) 14 ®1p, (¢) Iy @ rp, (d) faR1p, (€) I4® f3,
D far @ fory.

reversible transformation. Consider the transformation r4 fy ® Ig. As shown
in Fig.B.3, the set of effects {1,2,3,4,9,10,11,12} remain fixed under this trans-
formation, whereas the pairs {5,13},{6,14},{7,15} and {8,16} exchange places
among themselves. In order to find the number of fixed points of r4 f4 ® Iz we need
to choose a set of 8 effects that remains invariant under the action of r4 f4 ® Ip.
We have the following possibilities:

1) choose all the fixed 8 effects = 8Cg x* C,) possibilities,

2) choose 6 fixed effects and 1 pair = 3Cy x*C| possibilities,
3) choose 4 fixed effects and 2 pairs = 8C,; x* ¢, possibilities,
4) choose 2 fixed effects and 3 pairs = 8C, x*C; possibilities,

5) choose all 4 pairs = 3C) x*C; possibilities,

Therefore we have a total of 646 different fixed points for r4 f4 ® I5. For the other

group elements in LR,,, we can carry a similar procedure to count the number
of fixed points, which has been shown in Table [B.3]. Thus from Table [B.3] we
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@ | s | | | i | fo | refs| rafs| rafs
I, [[12870] 6 [ 70 [ 6 | 70 | 646 | 70 | 646
rA 6 6 | 6 6 6 6 6 6
3 70 6 |70 6 | 70| 70 | 70 | 70
" 6 6 | 6 6 6 6 6 6
fa 70 6 |70 6 [ 70| 70 | 70 | 70
rafall 646 | 6 [ 70 | 6 [ 70 | 150 | 70 | 150
rifa| 70 6 | 70 | 6 | 70 | 70 | 70 | 70
rafall 646 | 6 [ 70 [ 6 | 70 | 150 | 70 | 150

TABLE B.3 Number of fixed point for all the local reversible transformations g =14 @15 €
LRy,

have the total number of orbits which turns out to be

# of orbits =

# of fixed points of g

= 6i4 x (sum of all entries in Table [B.3])

18112
= ——— = 283.
64

Following a similar counting procedure for higher gons, we obtain Table [B.1].

11234 1314 |15 |16 DDA A
506 (78| fa |9fw0|n|2 ra |13 @ 16
— —>
9 (101 |12 50678 3 | @ | @ | G2
13 (14 15| 16 1(2|3]4 @D s

F1G. B.3 (Color online) The effects colored red remain fixed under the action of r4 f4 R I.
The effects colored green {5,13} is a pair of effects which flip to each other
upon the action of r4fy ® Ig. Similarly, the black pair {6,14}, the blue pair
{7,15}, and the yellow pair {8,16} flip to each other under action of r4 f4 ®I.
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B.2 More on Hardy Nonlocality of maximally entangled
polygon states
B.2.1 Proof of Theorem [8]

Proof. The outcome probability for any pair of effect E on Alice’s side and F on
Bob’s side for the maximally entangled state ®; of Eq.(4.2) read as

Py, (E,F)=Tr[(EQFT) @]
=Tr[EQF'| =E-F, (B.3)

where E - F be the usual inner product in R?. With this, the Hardy conditions of
Eq.(2.53) become

P(EM EFT MY NF) = E{T-EFT >0, (B.4a)
P(E{T EFT| MY N§) = E{ EST =0, (B.4b)
P(ES, EPY| M4 NF) = E4 - EPT =0, (B.4c)
P(ES,EX | M5 NS) =E}~-E =0. (B.4d)

To see whether the aforesaid conditions can be satisfied in any odd-gon, it is
handy to have a look at the orthogonality graph for the extreme effects of the
odd-gon theory. Two effects ¢ and f will be called orthogonal to each other if and
only if e- f = 0. In any odd-gon theory, it turns out that a ray extremal effect ¢, is
orthogonal to only two other ray extremal effects e+, with s* := (r+ %) mod 7;
and to the (non-ray) extremal effect ¢,. The orthogonality graph is shown in Fig.
[B.4]. The proof of the theorem follows by analyzing the following two cases.

¢ Case-I: Let us assume that the effect E§+ in Eq.(B.4b) corresponds to
some ray extremal effect (say) ¢,. This implies Eg_ = ¢,, since {EZB+,EZB_}
correspond to a measurement. Eq.(B.4d) further implies that Eg‘_ must be
orthogonal to Ef’. Since the only extreme effect orthogonal to ¢, is ¢, (see
Fig. B.4), therefore we must have E5~ = ¢,, which further implies E5" =
¢,. Again Eq.(B.4c) implies EP™ = ¢, and hence E{" - EFT = EAT . EFT =,

implying zero Hardy success.

¢ Case-II: Here we start by assuming that the effect E§+ in Eq.(B.4b) cor-
responds to some non ray extremal effect (say) ¢,. This implies Ef T =ey,
since {E5",EY "} correspond to a measurement. This also implies E{" =e,
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from Eq.(B.4b). Now from Eq.(B.4d) we know that E‘z“_ is orthogonal to Ef‘.
Which implies either E5~ = e (with s* := (r+ %) mod n) or E5~ =e¢,. If
E}~ =ex we have Ej " =& since {E} ", E5~} forms a measurement. Which
from Eq.(B.4c) further implies Ef“L = ey, yielding E{” -Ef+ =e e = 0.
Similarly if E{~ = &, we would get E{" = ¢, and EA* - EFT = EfT . EBT = .
This proves that even for Case-II we have zero Hardy success probability,
and hence this completes the proof.

B.2.2 Proof of Theorem [9]

Proof. For even-gons, all the extreme effects are ray extremal. The outcome
probability Py, (e‘l“, ef) of Alice’s effect ¢/' and Bob’s effect ¢ on the maximally
entangled state ®; of Eq.(4.3) reads as

Py, (e‘;\,e?) =Tr [(ei ® e}) CDJ]

e (25272

F1G. B.4 (Color online) Orthogonality graph of extreme effects for odd-gon theories.
Each node denotes an extreme effect. Two effects ¢ and f are connected with
each other by an edge if and only if they are orthogonal to each other in
the sense that e- f = 0; here, the inner product is standard R? inner product.
While calculating the sub-indices of the effects modulo »n operation is assumed
throughout. Here, in order to be consistent with our notation we define
‘r mod n’ in such a way that it returns the remainder if the remainder is
nonzero, otherwise it returns n.
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Now Py, (e‘l“, e?) =0 if and only if

1 n+l
= B.5
Le, i—j=> > (B.5)
where in the last expression modulo n addition is implied. Denoting Ef/z/ B
and Ef/;/ ~ as the effects of Alice and Bob we can rewrite the Hardy nonlocal

conditions (2.53) as

P(E{T EBT| MY N¥) > 0, (B.6a)
P(E}T EZTI M4 N5) =0, (B.6b)
P(EST EBTI M4 N¥) =0, (B.6c)
P(E5 EZ"| M4 N5) = 0. (B.6d)

Let us consider E{H in Eq.(B.6) be some ray extremal effect ¢, for some r €

{1,2,--- ,n}. Eq.(B.5) implies that to satisfy the condition of Eq.(B.6b), we must

have EXT = €s(a)» Where s(a) =r— @ + (—1)“%, with Greek indices taking

values from {0,1}. Since EJ" and EJ~ forms a measurement, therefore we
have EJ~ = e(a), Where t(a) =7 — 3+ (=1)*%. Again, Egs.(B.5) and (B.6d) imply
E}” = ey(q,p), where v(a,B) = r+[(—1)* + (=1)P]} + 4, and Ef" = ¢,(q), With
w(a, B) =r+[(=1)*+(—1)P]1. Finally, Eqs.(B.5) and (B.6c) yield EZ ' := C(apy) =
r+[(—1)%+(=1)P + (~1)")} — 1 — 2. In other words, given the choice E{'" =, the
effect E f“ has only the following four choices

i I

EP* = ey 2l == D el (B.72)
I 3

EPt = e (a)s 2(0) =71 — (”42‘ ) —i—(—l)ai- (B.7b)
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For the case of Eq.(B.7a), we have

Po, (E* EF)
e (e (D) 4
oo (e (525
o (Do) 45
o (Deos(D)] 5=

Therefore, these particular choices of EF" do not exhibit Hardy nonlocality.
However, for the choices of Eq.(B.7b) we obtain

e e el B N e S

Py, <E{‘+,Ef+>
:sec (g) cos (w — g)} +i

[ T 204+ ) o
sec <_> oS <M__>
n n n

A= A= A= =

This completes the proof of the theorem. O

B.3 More on Hardy Nonlocality of Mixed entangled
polygon states

B.3.1 Proof of Lemma [2]

Proof. Consider a bipartite GPT in which the local parts have OD = 2 and satisfy
preparation-measurement reciprocity. Let’s assume there exists a pure product
state ws ® wp that can give rise to a Hardy-type local correlation when incompat-
ible measurements {M{,M4} and {N¥ NZ} are performed on the subsystems. We
denote these measurements as {e,u — e} with i € {1,2} and k € {A,B}. Without
loss of any generality, we can assume that the effects {¢¥,u — ¢} are extreme.
The preparation-measurement reciprocity demands that for a pure state  on
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the local part there exists a unique extremal effect ¢, which filters the state o
perfectly. Now, if the theories with local OD= 2 are considered, the extremal com-
plementary effect corresponding to ¢4, is given by u — e, which must be unique
as well.2

Let us now, write down the equations for ws ® wp to create a Hardy-type local
correlation.

Tr[(u — €5) ]

Here the first equality follows from the fact that this correlation must be local.
Let Tr(ef @) = 0, then preparation-measurement reciprocity, together with the
fact that the OD of the local systems is exactly 2, implies Tr(e5 @4), Tr[(u— €5 ) wa] #
0. Thus we must have Tr(ef wp) = Tr[(u — 5) wp] = 0. This is a contradiction as sys-
tem B also obeys preparation-measurement reciprocity. A similar contradiction
will arise if we assume Tr(ef wg) = 0. This completes the proof. O

B.3.2 Proof of Theorem [10]

Proof. A local correlation cannot exhibit Hardy nonlocality by construction. How-
ever, there are deterministic local correlations that satisfy the zero conditions
for Hardy nonlocality.

If our mixed state always consists of a pure product state for a preparation-
measurement reciprocal theory, it follows from Lemma 2 that either M and M/
or N? and N5 are the compatible pair of measurements.Under such a condition no
entangled state can exhibit Hardy nonlocality, otherwise, it leads to superluminal
communication [163—-165]. This completes the proof. O

B.3.3 Proof of Theorem [11]

Proof. From Theorem [9] it follows that to obtain a Hardy nonlocal behaviour
from the state ®; it requires E{" = e, then E;" = ¢,4;. In an even-gon theory
every two consecutive effects ¢; and e;q, click with certainty on the state w; and

20ne can interpret the preparation-measurement reciprocity theorem in an alternative way
for the theories with OD=2 : for every pure state o, (1 —e¢y,) is the unique extreme effect that
filters @ with zero probability. Note that, this does not hold good for OD> 3. For instance, one can
consider bipartite qutrit systems which is not a trivial Hardy-local theory, in spite of admitting
preparation-measurement reciprocity.
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they never click on state @;g,,. Therefore, Vr € {1,2,---,n} there is a state @, € Q4
in Alice’s side, such that Tr((E{")" ®,) = Tr((E5 )T @,) = 0. Similarly, there is a
state w; € QF, such that Tr((Ef’)Ta)s) = 0. Evidently, the state o, ® w; satisfies
all the conditions Eq. (B.4b)-(B.4d) and equals to zero for Eq. (B.4a). So, for the
state Wy = e®, + (1 — &) o, ® @, with € € (0,1], all the conditions (B.4b) - (B.4d)
are satisfied, with Tr[(E{'"t ® EFT)TW,] = € x sin?(Z). Clearly, for ¢ # 1, the state

W, is a mixed state and hence establishes the claim of the theorem. O

B.3.4 Proof of Theorem [12]

Proof. If we consider two incompatible measurements M; = {¢;,¢;} and M, =
{é1,e2} on Alice’s part and two incompatible measurements N; = {¢,¢;} and
N, = {é,e;} on Bob’s part, then the resulting correlation obtained from the state
We depicts Hardy’s nonlocality, whenever w; ® ®; € {3 ® w4, 04 ® @3, 04 ® 4 }. For
0, ® Wj = W3 ® W5, we require the measurements M; = {¢;,¢;}, M, = {e5,é5} on
Alice’s part and Ny = {e;,é1}, No = {&>,e,} on Bob’s part; and for w; ® 0; = @5 ® ws,
M; ={e;,e1}, My = {é,e,} on Alice’s side and N| = {e},e; }, Ny = {es,5} on Bob’s
side suffice the purpose. The success probability turns out to be P =¢ x (1 —
45 ~ 0.1056¢. O
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C.1 Proof of Theorem [14]
Proof. The proof is divided into two parts:

(i) only if part: PP*B = 1 ensures a protocol for GYNI game yielding success
probability PSYN = .

(i) if part: PS™N! = u ensures a protocol for DR-B task yielding success proba-

bility PPRB = 1.

succ

only if part:
Given the encoded states { %)}, let the process matrix Wy 45,8, yields a success
Py’ = p with Alice and Bob applying the quantum instruments Iy = {M{,, Ao 1o
and Iy = {Mpp p };_, respectively. Thus we have,
1 ¢ . )
Pace = ZXIgzop(a=x1,b=xz|%zgz) = u, with, (C.1)

pla,b|Byg?) = Te[(Bg> @W) (M0, © Mip,p,)].

For playing the GYNI game, let Alice and Bob share the process Matrix
W' = Waap8,8, @ #%5. Based on their coin states ij,i» € {0,1}, Alice and Bob
respectively perform quantum instruments

O {2 i)} = (i)

a=0 a=0

. . I . N1
: b
1) = {Xg (MBL%BO) } b {XllgzMg&BoXll?z} o’

where Z & X are qubit Pauli gates and {Mj, , 1, & {MgBI By }_o are the instru-
ments used in DR-B task. The success probability of GYNI game, therefore,
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reads as

1
1 . S
Pt =Y ZP(CZ =iy,b=i1li1,i2)

i1,ip=0
1 g =isliy b=ii i
Z Z [ Ao W) ( AALAQ ®MBBIBO)}
‘h=0
1 W
=3, L, Trletbew) (2 (vih,) o5 (M, ) )
‘=0
! 00 b
l l a 1 1
Z [ (z"ox= (2 )®W)( AA,fx0®MBB,1130)}
‘=0
1 ! ll a i b=i
~ 7. Zo [( AZBI®W>( AA?&O®MBB,}?0)}
l] 1=
=u=PRE [using Eq.(C.1)]. (C.2)

This completes the only if part of the claim.

if part:
Given x; and x, being the respective coin states of Alice and Bob, let the process

matrix Wy , 5 yields a success Pyt = u, with Alice and Bob performing quan-

tum instruments I, *") {Ma|x1 |, and Ig®) {Mg% ) o> respectively. Thus
we have,

1

Z (a=x3,b=x1]x1,x2) = 1, with, (C.3)

X1 X

pla,blvy,x) o= Te [ (M @My YW

GYNI
P\uu -

#\*—‘

To perform the DR-B task, Alice and Bob share the Process Matrix WA, ApBiBo ©

A),. Now, given the encoded state 2,52, Alice and Bob apply the following
unitary operation on parts of their local systems
1 0 O 1
1 0 1 1 0
Upp =Upp = — CA4
AA =501 0 o 1| (C.4)
0o 1 -1 0
which results in
Unw @ Usey (Wa,ap8,8, @ By @ BY3*)
=Whao8,80 @ By @B, (C.5)

where % (p) :=UpU"'. On A and A’ sub-parts of the evolved process Alice performs
computational basis measurement (i.e. the Pauli-6> measurement), resulting



C.1 Proof of Theorem [14] | 141

into outcomes u,u’ € {0,1}, where 0 (1) corresponds to ‘up’ (‘down’) outcome. Bob
also does the same resulting into outcomes v,v' € {0, 1}. Clearly, due to correlation
of the state, we have

UBbv=xy, & ' ®V =xy. (C.6)

Therefore, guessing the value of v/ and u respectively by Alice and Bob with
the probability u will ensure the same success in DR-B task. At this point the
process W/{[ AoBB, Proves to be helpful in this task, which can be accordingly
chosen looking into its advantage in GYNI game. Rest of the protocol mimics
GYNI strategy with u and V' being the inputs of Alice and Bob, respectively.
Denoting ¢’ and b’ as the output of the GYNI strategy the final guess in DR-B
task by Alice and Bob are respectively,

a=dou, & b=b v (C.7)

On the composite process Wy , 5 ® By ® B, the effective instruments
Mé4,, ! for Alice and {M?2,, | for Bob are respectively given by
AAA[AO a=0 BBB]BO b=0

1 /
Y Suaowpn @idaa (jud) 0 (u'| © My i );

1A0
uu' ,a'=0
! N / / bl‘vl
Y, e Uy @idp s, (I0W) gy (v | @Mp,),

v b’ =0

where, {MZ:'XO} and {Mgl‘go} are the instruments used by Alice and Bob in GYNI
game. The success probability of DR-B task with the aforesaid protocol turns
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out to be

1
1
Puce = Y, zPla=x1.b=x|%%)
X1 ,X2:0
! 1 00 b
o / XX a=x =X
= L gm[wes®es) (M, oM,
1,X2=
1
1 0
Z Z Sa:xl ' eu’ 5b:x2,b/®v Tr [(W/ ® '%EB’ ® %jﬁ;l )
x,x0,u.
a vy =0

! AN
1 I d'|u b'|v
(|uvu V) aparg (wvuv' | @My ®MBIBO>}
L
Z Eéxl a'eou’ xz,b’eﬁvéxz,u@véxl,u’\%v’
/

X1,X,U,U
a vy b'=0

Te [ (M @My, )|

L]
! / /
= Z %6)(1 aeu xz,b’@v(st,MEBv(sxl,u’ﬂav/P(a b |M7v)

xy % 1l
a vy b'=0

! 1
/ /
= Z R6xz,u$\/6x1,u/$vlp(xl Du ,x2®V|M,V )
X1 -,x2ausulv
v,V =0

1

o 1 / ’
— Z 1—6P(x1@v Dx1, % Dudx;|u,v')

x1,%,u,V' =0

j 1 .
= Z ZZZP(\/,MW,V/) = Z Z’J = U [using eq.(C.3)]. (C.8)

X1:X2 " u, X142

This completes the if part of the claim, and hence the Theorem is proved. O

C.2 Locally Inaccessible Data Retrieval from Maximally
Entangled States

In 5, we observed a strict duality between the success probability of the bipartite
DR-B task and the success probability of the GYNI game. In this section, we
will extend this concept of Theorem [14] by Hiding Dits in higher dimensional
Maximally Entangled States(DR-ME) and GYNI with dit inputs.
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DR-ME: Referee encodes the string x = x; x, € {0,1,---,d — 1}? in bipartite
maximally entangles states as follows:

1 d—1
X = | BX) 5 = Vs @ k), @ [k Dy x1)g,
— (Z20X5) — Z|k ® k) (C.92)
Zilk) = e T k), & Xalk) = |k@®al) (C.9b)

with @ = ¢ and @4 representing modulo d addition. The local marginals of
Alice and Bob are the maximally mixed states I/d for every encoded state, and
thus the hiding condition is satisfied. The success probability of DR-ME task is
given by

d—1
1
Psl?,tIc{cME = Z ?P(a =x1,b :x2|‘%2g2)' (C.10)

x1,x=0

GYNI-d: Alice (Bob) tosses a random d sided coin to generate a random dit
i1 (i) €{0,1,---,d —1}. Each party aims to guess the coin state of the other party.
Denoting their guesses as a and b respectively, the success probability reads as

d—1
PSNH — Y Pla=iy,b=iili1,id). (C.11)

i1,ir=0

The optimal winning probabilities for GYNI-d with an indefinite causal ordered
process are unknown. However, the duality established in Theorem ?? extends
to this higher dimensional case.

Theorem 23. A success probability PPEME — 11 in DR-ME task is achievable if

succ

and only if the same success is achievable in GYNI-d game, i.e., PSY¥4 = p.

Proof. As before the proofis done in two parts:

(1) only if part: PP°XME — ; ensures a protocol for GYNI-d game yielding success
probability PEYNId —

succ

(i) if part: PSYNd — 11 ensures a protocol for DR-ME task yielding success
probability PPRME —

succ
only if part:
Given the encoded states {%};}, let the process matrix Wy, 5,8, yields a suc-
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cess PPRME — | with Alice and Bob applying the quantum instruments I, =
succ ll

{Mfa,4, 4- and Iy = {Mp 5, d—, respectively. Thus we have,

d—1
PDR-ME % Y, pla=x1,b=x|2?) =p, with, (C.12)

xhxzzO

p(a,b|B3g?) == Tr((Byg> @ W) (Mis,a, © Mip,p, ).

For playing the GYNI-d game, let Alice and Bob share the process Matrix
W' = Wa,a,8,8, 2 #%%. Based on their coin states ij,ir € {0,1,---,d — 1}, Alice and
Bob respectively perform quantum instruments

I (i) . Zil (Ma ) -1 — Zi]Mll Zil -1
A o A AAido a=0 AT AL ATA a=0"
@) — Ixx2 (M2 a1 _ xpmh o o xi -1
B =% Msaiso ) 1, =\ A8 MbBiBo%B §,

where Z & X are Pauli gates on C? as defined in eq.(C.9b) and {M{, ,_ 1ol &

{M,@Bl By }z;é are the instruments used in DR-ME task. With this protocol the
success probability of GYNI-d game becomes

d—1

1 . e
Pt = Z ﬁp(a:lLb:llhlaQ)
i1,ip=0
_ 1 - T -%OO W Ma=i2\i1 Mb=l'1|i2
_ﬁ'zo r_( 4B @W) (Mis 3, @ Mg
1,12=
_ 1 £ T [ 2% 71 a=iy xi2 (pg=in
_E'Zo r_( AB®W>< A (MAA,AO @ 2Ag \ Mpp,p,
11,12=
J [ i i 00 a=i b=i
2 Z Tr (2" X2 (£7)) @W) (MAA;tO@MBB,IlBO)}
ihQZO -
1 < T[22 ow) (M=2 & pb=i
_?'Zo r_(' A © anap ©Mpp,
1,02=

=p =Py, [using Eq.(C.1)].
This completes the only if part of the claim.

if part:
Given x; and x, being the respective coin states of Alice and Bob, let the process
matrix Wy , p . vields a success Pt = u, with Alice and Bob performing quan-

succ

tum instruments I, %) = {MX'IZ'O 41 and I3 = {M,’;‘,’;?O d— ', respectively. Thus
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we have,
1 d—1
PN — o Z Op(a =x3,b=x1|x1,x2) =, with, (C.13)
X1 ,X0=!

b
pla,blxy,xy) :=Tr [(Mj‘jj;o ®M3f30) W’] .

To perform the DR-ME task, Alice and Bob share the Process Matrix Wy , pp &

#%),. Now, given the encoded state %52, Alice and Bob apply the following
Controlled-Shift(CS) unitary operation on parts of their local systems

CSanr |m) 4 |n) 4 = |m) 4 [nBam) 4 (C.14)

They follow this with a discrete Fourier transformation, F |k) = \/L;l Zg;(l) o |q),
on their respective unprimed parts, which results in

FaroCSyu @ Fgr o CSpp (WAIAOBIBO ® ‘%1293’ ® %gz)

= WA/IA()BIB() ® ‘%}Z}g’ ® ‘@Zgz’ (C.15)

where F and CS denote the linear maps corresponding to the unitary operations F
and CS respectively. After this Alice performs computational basis measurement

on A and A’, resulting in outcomes u,u’ € {0,1,--- ,d — 1}. Similarly, Bob obtains
the outcomes v,v' € {0,1,--- ,d — 1}. Clearly, due to the correlation of the state, we
have

UPgv=1x1, & u ®yv =xj. (C.16)

Therefore, guessing the value of v/ and u respectively by Alice and Bob with the
probability u will ensure the same success in the DR-ME task. At this point
the process W, , g 5, Proves to be helpful in this task, which can be accordingly
chosen looking into its advantage in GYNI-d game. The rest of the protocol
mimics the GYNI-d strategy with u and V' being the inputs of Alice and Bob,
respectively. Denoting ¢’ and »’ as the output of the GYNI strategy the final
guess in the DR-ME task by Alice and Bob are respectively,

a=d eau, & b=b e v. (C.17)
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On the composite process WAI AoBiBy ® %’293, ® %57, the effective instruments

a d-1 b d—1 : :
{Mf a0, Yamo @0d {Mppp p },— are respectively given by

d-1 )
Y, SuwsFar oCSuu @iduaa, (Jund)up (il | @ MY ),

uu' ,a’'=0
d-l o / / b’\v’
Z 6h,h’@dv]FB/ oCSpp ® ldBIBo (W) e (W ® MB,BO )
v . b'=0

where {MX:‘:O} and {M;;';lo} are the instruments used by Alice and Bob in GYNI-d
game. The success probability of the DR-ME task with the aforesaid protocol
becomes

1
1
PPRE— Y Pla=x1,b=x|%B\5)
x1,%=0
d—1

1 / 00 a=x b=x
= Z ETI {(W ® % ®‘@xm) (MAA’AIIAO ®MBB’§,BO”

x17x2:0

1 1
- Z = EP(V/7M|M,V/)

X1,X%2 u,v

=) %u = . [using Eq.(C.13)]. (C.18)

X1,X2

This completes the if part of the claim, and hence the Theorem is proved. O

C.3 Advantage in T-DR from Indefinite Ordered Classical
Processes
C.3.1 Causal Indefiniteness in Classical Setup

The state cone (Q’) and normalised state space (") of an n level classical system
is described as

QL ={p|peR" ,pi>0Vi}, (C.19a)
n—1
Q"::{ﬁ|ﬁ€Rn,piZOVz’,& Zp,:l}. (C.19b)
i=0
Pure state of Q" are [ := {84}1=) for 1 €{0,--- ,n—1}. Later, sometime we will

denote [ = [ simply. The most general operation that an agent (say X) can apply
on a classical system is described by a classical instrument

N
L= {S§|S§ L O s QQX} (C.20)

k=1’
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where S% are positive linear maps mapping the state cone of the input Ix level
classical system to the state cone of the output Ox level classical system, with
Ix,0x < . Moreover, S§(’s sum up to a stochastic map Sy, i.e.,

N
Sx := Y Sk, s.t. Sx(Q) C Q%% (C.21)
k=1

The stochasticity condition is analogous to the trace preserving condition in the
quantum case. Let us consider the case involving two parties say Alice and Bob
with

Fn = {Sa | Sa: QM = Q1) (C.22a)
I ={Sp | Sp: Q" — Q) (C.22b)

denoting the sets of all state-cone preserving maps for Alice and Bob, respectively.
Any such linear map §: Q' — Q! can be represented as an m x n real matrix,
which can be uniquely specified by it’s action on pure states {l}?;o1 of Q". Without
assuming any background causal structure among Alice’s and Bob’s actions, the
most general statistics observed is given by a bi-linear functional,

PZyAXyBl—)[O,OO), (C.23a)
P(Sa,Sg) =1, ¥ Sa,Ss. (C.23b)

Any such bi-linear functional reads as a Trace-rule over a stochastic map E,p
[114], i.e.,

P(SA,SB) ZTI‘[]EAB (SA®SB)] , (C.24a)
TI'[EAB(SA ®SB)] =1, V S4,Sp (C.24Db)
Fap(Q0498) C Qlals, (C.24c)

Such a E4p is termed as logically-consistent-classical process (LCCP). As
shown in [114] (see also [11]) all bipartite LCCPs are causally definite, i.e.,

Eap = piEAZE + prBEGA + psERR 74, (C.25)

where E458 (E554) denotes a process where Alice (Bob) is in the causal past of Bob
(Alice), and E%%A represents a process with A and B being spacelike separated;
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maj(0y,0p,0c) =0 maj(0y,0p,0c) =1
[ 1

£
=1 = ﬁc=it3
s = ia p,
Qv
)

Space

F1G. C.1 The tripartite classical causal indefinite process as given in Eq.(C.26a). While
each of the branches, described in Eq.(C.26b), lead to logical paradoxes

when described in a definite spacetime, their combination yields a logically-

. . BW
consistent-classical-process E g -.

with p = (p1,p2, p3)! being a probability vector. However, for multipartite case
there are classical processes which do not admit a notion of causal ordering
among the parties. For instance, consider the classical process,

Eﬁg/C(OA70350C) = (iA7tiiC)7 with (0268.)
( (oc,04,08),
if maj s OB, = 07
(insi,ic) = i maj(oa, 05,0c) (C.26b)
(0B,0C,04),

if maj(oa,0p,0c) = 1,

where 04,0p,0c,ia,ip,ic € {0,1},0=1 and 1 =0 (see Fig.C.1). As shown by the
the authors in [114], the LCCP EBY violates a tripartite causal inequality, estab-
lishing that causal indefiniteness is no longer an artifact of quantum processes.
At this point, one might ask whether advantage in DR task stems from indefinite
quantum processes only or is it a general trait of causal indefiniteness. We
answer this question in affirmative by providing a tripartite variant of DR task

]EBW

wherein provides a nontrivial advantage.

C.3.2 T-DR Success Under Different Collaboration Scenarios

In this subsection we analyse the success probability of T-DR task under different
collaboration scenarios. We start by considering the no-collaboration case.
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Proposition 8. Without any collaboration Alice, Bob and Charlie can achieve
the success PLPE =27 /64,

succ

Proof. The only way Alice can learn something definitive about her string is
through communication from Charlie. Similarly, Bob and Charlie need commu-
nication from Alice and Bob, respectively. Without any such communication, the
best Alice can do is to answer ap = 0 and guess a value for a,d/, which leads to
a success 3/4. A similar strategy followed by Bob and Charlie yields an overall
success PTOR — (3/4)3 = 27/64. O

succ

However, unlike the DR-B task, LOCC collaboration turns out to be advanta-
geous in this case.

Proposition 9. Under LOCC collaboration PLPE — 1.

sSucc

Proof. Recall that two-qubit Bell basis shared between two distant parties cannot
be perfectly distinguished by LOCC [108]. However, according to the result
in [166], given two copies of the states, they can be perfectly distinguished
under LOCC. The protocol goes as follows: both the players perform Z-basis
measurement on their parts of the first copy and X-basis measurement on
second. One of the players communicate the results to the other player, who can
accordingly identify the given Bell state. This ensures a perfect success of T-DR
task under LOCC. O

However, the protocol in Proposition [9] demands multi-round communication
among the players. For instance, let Alice first communicate her results to Bob
implying Alice’s measurement event to be in the causal past of Bob’s guess.
Similarly, Bob to Charlie communication demands Bob’s measurement event to
be in the causal past of Charlie’s guess. Finally, Charlie to Alice communication
demands Charlie’s measurement event to be in the causal past of Alice’s guess.
Since, in the single-opening setup communication entering into a local laboratory
must happen before any communication going outside it, therefore the above
protocol cannot be implemented within this setup. Therefore, the question of
optimal success of T-DR is worth exploring in single-opening scenario. However,
likewise the notions of genuine and non-genuine entanglement on multipartite
case [167], the notion of causal indefiniteness can also have different manifesta-
tions when more than two parties are involved. Before proceeding further, here
we first recall the definition of bi-causal/genuine quantum process.

Proposition 10. Under bi-causal collaboration PLPE <3 /4.

Succ
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Proof. In a process of type WA*BC communication from Alice is not possible to
Bob as well as to Charlie. Thus Bob’s success is bounded by 3/4 (see Proposition
[9]). On the other hand, in a process of type W5¢#4 Alice’s success is bounded by
3/4 as neither Bob nor Charlie can communicate to Alice. Similar arguments
hold for all other terms in Eq.(2.78), and hence the claim follows from convexity.
To achieve the bound, they can share a definite order process WA=8=C where
Alice is in the causal past of Bob, who is in the causal past of Charlie. Using the
strategy discussed in Proposition [9], Bob’s and Charlie’s guesses will be perfect
whereas Alice’s success is bounded by 3/4. This completes the proof. O

Naturally, the question arises whether a genuine inseparable causal process
could be advantageous over the bi-causal processes. In the following section, we
show this is indeed possible, even with a classical indefinite process.

C.3.3 Nontrivial Success in T-DR with LCCP

Given the EY ¢ LCCP Eq.(C.26), the players can obtain a nontrivial success in
T-DR task. In the encoded state given to the players, two Bell states are shared
between each pair of the players. Of course, the identity of the Bell state is
not known to the individual parties. Given an encoded state, Alice performs
Z-basis measurement on her part of one of the the Bell state shared with Bob,
and performs X-basis measurement on her part of the the Bell state shared with
Bob. Similarly, Z and X measurements are performed on the parts of Bell states
shared with Charlie. Bob and Charlie follow a similar protocol. Outcome of
all these different measurements can be compactly expressed as G%H) €{0,1} —
outcome of K-basis measurement performed by the player G on her part of the
Bell state shared with the player H; with K € {Z,X} and G,H < {A,B,C}. Given

the encoded state p 53", we have

A9 gscW =y, A9ac® =4, (C.27a)
BY @A) =, BY @Al =y, (C.27b)
cPoBf) =x;, (P aB =, (C.27¢)

For their local measurement outcomes the players respectively evaluate a bit
values

on — APAD 0y~ BOBO), o — I, (C.28)
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maj | (0a,0p,0c¢) | (ia,iB,ic) a b c

(0,0,0) | (0,0,0) |0-(00) | 0—(00) | 0-(00)

o | (0.0, | (1,0,0) | 100 |0-(00)]0~(00)

(1,0,0) (0,1,0) {0—(00)| 100 |0—(00)
(0,1,0) | (0,0,1) |0=(00) | 0-(00)| 100
(0,1,1) (0,0,1) | 000 |0—(00)| 100

L (01) ] (1,00) | 100 | 000 |0+(00)
(1,1,0) | (0,1,0) |0-(00)| 100 | 000
(1,1,1) | (0,0,0) | 000 | 000 | 000

TABLE C.1 Input x = 0. For the case “maj(o4,0p,0c) =0", all three players guess correctly.

However, for the case “maj(os,05,0c) = 1", at-least one of players’ guess is
not correct (marked in red). Here, —(00) indicates any string not equal to 00

ie. 01/10/11.

and send them to the environment E2Y which on the other hand returns back
the bits iy, ig, and ic to Alice, Bob, and Charlie. The guesses in T-DR task for

Alice, Bob and Charlie are given by

ap = iA, ai :A(ZC), a'l :Ag(c) (C.29a)
bo=ig, by=BY b, =BY (C.29b)
co=1Ic, a;= CéB), ¢y = C)((B) (C.29¢)
The success probability for x = 0 = 000000, turns out to be
Phce(x=0)= Y Y p(oaopocg|x=0)
04,0B,0C gefo
= Z Z plosopoc|x = 0)p(g|x = 0040p0c) +
maj(oa,0p.0c)=0gc£0
Z Z plogopoc|x = 0)p(g|x = 0040p0¢). (C.30)

maj(oa,0p,0c)=1gc£0

As we can see from Table C.1, for the case “maj(o4,0p,0c) = 1", atleast one of the

players violates the winning condition (5.14), i.e.,

Z p(g|x = 0040p0¢) = 0.
gc£o

(C.31)
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However, for the case “maj(o4,0p,0c) = 0", all the players satisfy the winning
condition (5.14), i.e.,

Z p(glx = 0040p0c) = 1. (C.32)
gcf0

Consequently, Eq.(C.30) becomes

Pluce (x=0) = Y. ploaogoc|x=0)
maj(os,0p,0c)=0
33 327 27 3
== 43x | == ~=084> > . C.33
[43 o 43} 32 ~ 3 (C.33)

Similarly, it can be shown that PT2R(x) =27/32, V x € {0,1}*°, leading to PT.DF =

succ
EEY exhibits non-

27/32. Therefore, the classical causally indefinite process
trivial advantage over the quantum bi-causal processes in T-DR task. In fact,
the success establishes the genuine multipartite nature of causal indefinite-
ness. Note that in the above mentioned protocol all the players are efficiently
able to communicate the required information by effectively implementing the
maj(o4,0p,0c) = 0 loop in Fig.(C.1) with a high probability. One can say that
effectively clockwise communication is happening between the players. This
clockwise communication is also in some sense necessary, as the encoding states
also have this "clockwise" property (see Eq.(5.11)) i.e. Alice needs help from Char-
lie, Bob needs help from Alice and Charlie needs help from Bob . In Appendix
[C.3.4] we discuss an interesting variant of the T-DR task where the referee does
not reveal whether they have done a clockwise or anticlockwise encoding but
rather encodes this information in the distributed state itself. Interestingly, we
show that even though the three players beforehand do not know whether the
referee has encoded in a clockwise or anticlockwise fashion the process E2V still
can provide an advantage by effectively using both branches in Fig.(C.1) which
is impossible to do by a definite ordered process.
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C.3.4 Flagged T-DR
In this flagged version of T-DR task (FT-DR) referee encodes the strings x = x;x,x3

into
[1000) (0001 4/

(B ® (B5) > © (Br) "]
[111) (111 ]

B(Bp) ™ @ (Be)* @ (B) ] (C.34)

X _
PaarBpicc =

N =

+

N —

Winning condition for FT-DR remains same as of Eq.(5.14). All the players per-
form Z basis measurement on the flagged state (primed systems). If they obtain
outcome ‘0’, they follow the strategy of T-DR with EBW. Otherwise, Eqs.(C.27) get
modified as

AP oW —x, AP e =y, (C.35a)
B aclP) =x,, BOacP =4, (C.35b)
M oAl =x;, P eald =4, (C.35¢)

In this case the players encode as
o0 = ADAO g~ BVRY 5 _ (BB (©36)

And their guesses are

apg = iA, ai :A(ZB), a’l :A;B) (C37a)
bo=ip, by =BY), b} =B (C.37b)
co=Ic, a; = éA), ¢y = }((A) (C.37¢)

From symmetry of EBY | it follows that PIEPR ~ 0.84. While PEPR = 3/4 can be
achieved in definite causal structure, it is not the case for FT-DR task. To see
this consider the case A < B < C.

(i) if outcome on flagged state is ‘0’, then they can ensure a success 3/4: Alice and
Bob can respectively help Bob and Charlie to guess their respective messages
correctly.

(ii) for ‘1’ outcome on flagged state, a success of 3% /4% can be ensured. While Alice

can help Charlie only, Alice and Bob have to guess their respective messages.
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Thus on an average the success becomes

1 /3 32 21 3
FT-DR __ - [ -~ _ e
PETDR 5 ( 4+—42> > <7 (C.38)

This demonstrates that sharing EBY allows the players to effectively communi-
cate in clockwise or anticlockwise fashion by suitably modifying their protocols
of T-DR task on their will without giving rise to casual loops. However any
causally ordered process would fail miserably to do so. Like Proposition [10], in
this case too obtaining a nontrivial bound for bi-causal quantum processes is not
straightforward.
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D.1 More on the proof of Theorem [18]

We now provide a more detailed and rigorous proof of Theorem [18]. Consider
the expression for effective POVM Fy:

Fy = llll = /dxp p(m|x, y) E™*. (D.1)

Let us assume that M is the cardinality of the message set {m %’;01. Notably,
without loss of any generality we can assume p(x) > 0 for all x. Let us now define
the set

P:= {(m,x) | p(m|x,y) > 0 for some y}. (D.2)

Since the left-hand side of Eq. (D.1) is a rank-1 operator for all y, it follows that
E"™* must have rank at most 1 and can be expressed as E™* = ™| y"™*) (x|,
where 0 < ¢™* <1 for all (m,x) € P. Furthermore, we can assume that E"* =
e | x™*) (x™*| holds even for (m,x) ¢ P, since such terms do not contribute to
the right-hand side of Eq. (D.1) for any y. Substituting this decomposition into
Eq. (D.1), we obtain

2Py i = L [ 4 plo) plml. ) €16 (. (D.3)

Next, we define the set Ay := {x | p(m|x, y)e"”* > 0}. Thus, we can rewrite Eq. (D.1)
as

3Poe = L [ P00 plos ) €717 (2. (.4
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Since the left-hand side of Eq. (D.4) is proportional to Py, it follows that
™) (™| = Py, Vx€Ay. Thus, we must also have Ay OAL”,, =0, Vm& y#y.
Taking the trace on both sides of Eq. (D.4), we obtain

ax p<x>} Y.
(D.5)

l:Z/ dx p(x) p(m|x,y) em’XSZ/ dx p(x) SMXmaX{
2 Wy Pl m

Ay

Since there are uncountably many values of v and only finitely many values of
m, by the pigeonhole principle, there must exist some my such that | AL dx p(x)
attains its maximum for m = my for uncountably many values of y. Consequently,
we must have

1
< _
= /AZZO dx p(x), (D.6)

for uncountably many values of v, while also satisfying the disjoint-ness condi-
tion:

Ay NAY =0, Vy# v (D.7)

However, conditions (D.6) and (D.7) are impossible to satisfy for any finite
M, as the total probability must satisfy [dx p(x) = 1. Thus, we arrive at a
contradiction, proving that it is impossible to simulate a qubit with finite classical
communication in the given scenario.

D.2 Proof of Proposition [7]

We first start by proving any 3 round protocol with finite communication in every
round can be implemented by a 1 way finite communication protocol

D.2.1 3-way communication protocol

Let x be the shared variable between Alice and Bob. Alice starts by toss-
ing a coin ¢(m;|yx) and communicating m; to Bob. Bob performs a measure-
ment M, = {My’}. Here writing general measurement operators is neces-
sary, as POVM elements do not uniquely specify the post measurement state,
which is essential for knowing statistics for further measurements. We have
Yo, M,'ﬁf;M,’ﬁfx =1V my,x. Next Bob communicated his outcome m, back to Alice
and then Alice tosses the coin r(m3|mymywx) and communicates ms. Bob then

b

performs a POVM measurement My, mymyx = {7, m,msx} ON the updated state.
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Here Y, nﬁllmzmsx =1V my,my,m3,x. Mathematically the correlation p(b|y¢) can

be written as follows:

pblye)= Y plbmmmsx|yd)= Y  px|we)p(bmimyms|yex)

mymyms3x m|mymsx

= Y u)p(mi|wox)p(bmyms|m yéx)

mimymsx

= Y u(x)glm|yx)p(malm yox)p(bms|mimayox)

mymymsx

= Y m@)qlmi|yx) Te(My2 oM p(bms|mmy yéx)

mmymsx

= Y u@)g(m|yx) TeMp2 oML p(ms|mimywx) p(blmimoms yéx)

mimpmsx

= Y u@)qlm|yx) TeMp2oM2T) p(msmimyyéx) p(blmimoms yox)

mimymsx

= Y u)g(m|yx) TeMy2@My21] r(ms|mimayx) p(blmimams yéx)

mimymsx

= ) w(x)gmlyx) TeMp2 oM r(ms|mimyyx)

nymopmsx
T
- MO My,
mymam3sx my myt
Tr[Mmlx(PMmlx]

= ) H(X)Q(m1|llfx)r(m3|m1mwx){Tr [n'l']llmzmsx (M%‘Z)M”ng;)”

mymymsx

(D.8a)

In the next subsection we show that the above correlation can be simulated by
finite 1 way protocol.

D.2.2 1-way communication protocol to simulate the 3-way protocol in

D.2.1
Here Alice tosses the following coins g(m;|yx),r(ni|yxm;,my = 1),r(N2|yxm;,my =
2),---,r(Mk|wxm;,my = k). Here we have assumed m, takes values in the set
{1,---,k}. Alice then communicates the outcomes m;,n,---,n;. Bob follows

the same protocol for first measurement and gets an outcome m; and then he
generates m3 = 1,,, and then follows the same protocol as in the 3 way case.
Here we aim to prove that this particular protocol yields the same p(b|y¢) as in
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Eq.(D.8a).

pBlyo) = Y pbmixlwe) = ¥ u(q(myx)p(blmyeéx)  (D.9a)

myx mix

Now we write p(b|m;y¢x) as

p(blmiy¢x) = Z p(bn1 - miwox) =Y p(m|miyox)p(bny-- Me|miyoxn;)

MMk
= Z r(m|waxmy,my = 1) p(M2|mywoxn;) p(bns - - Nk my woxn 12)
NNk
= Y r(mi|wxmy,my = 1)r(na|wxmy,my =2)p(bn3 - - ic|mywoxn my)
MMk

Repeating the same procedure we get

k
p(blmyex) =Y {Hr(ni\ll/xmhmzZi)}P(b|m1¢x’71"'TIk) (D.10a)

MmNk

Now we compute p(b|m¢xn;--- 1)

p(blmi¢xn;---m) =Y p(mab|my¢xn; --- 1)
my
=Y p(ma|migxn; - i) p(blmymagxny - - 1)
ny
= ZP(M2|m1¢X)P(b|M1m2¢X711 M)
= Z Tr[M2 OMy2l] p(blmymaxn; -+ 1)

= Z Te[Mp2 O ML) p(blmimy$xnm,)

my my T m1x¢M$]2)é
= Z Tr[Mmlxq)Mm]x] Tr ﬂmlmznmz my
- [ m1X¢Mm1x]

= %Tr T e (M oM )| (D.11a)
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Replacing m, by another dummy variable m} in Eq.(D.11a) and substituting
p(b|m1¢xn1 T]k) in Eq(DlOa) we get

k
p(b|m1ll/¢x) = Z {I:Ir(ni’wxml’mz =i } ZTI‘{ mymyn,, /x< m1X¢M;'11112;>:|

LIRS nty

k msT
~E X Tt =1 5, (00|

mh M- i=1

—Z Z r(nilyxmy,my = i) ”(nm’2|llfxm17m2=m/2)><
mby MMk i#n,
b my T
s ()
ZZZ ”ﬂz|‘lfxm17m2=l> r(nm/2|1//xm1,m2:m’2)><
/

ln’l I

my ¥
TI‘|: m1m n /x< mlxq)Mmlzx)}}'

Since Y, r(ni|waxmy,my = i) = 1 and [[;4,, 1 = 1 we have

bl yon) = X gy s =) Te a1, (o))

/
ny nm/

p(blmyox) = Y r(malysmima) Te 20, e (M oMot ) | (D.122)

mpms

Where we replaced the dummy variables m)} and y by the variables m, and mj3
respectively. Now substituting p(b|m; y¢x) from Eq.(D.12a) in Eq.(D.9a) we get,

p(bly9) = X w(x)qlmiyx) r(ms|yxmims) Tr [ 2 e (Miz oMzl )| (D.13)

mimomsx

Which exactly matches the expression for the 3 way case. This proves that any
3 way bounded communication protocol can be simulated by a 1 way bounded
communication protocol. This also proves that we can also convert any bounded
back and forth communication to only 1 way communication.
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D.3 Proof of Observation [1]

Proof. We start by recalling the 2 — 1 RAC task [42, 155], where Alice is provided
with a random bit string xox; € {0,1}? and Bob is randomly given y € {0,1}. Bob’s
aim to produce a 1-bit outcome b = x, with the help of 1-bit respectively 1-
qubit communication from Alice. Qubit strategies yield the optimal success
Py = 1/2(1+1/+/2) which is strictly higher than the optimal c-bit success Pc =
1/2(1+1/2).

Contrary to the claim of the Observation 1, let us assume that the statistics
of the measurement Mt(:izst = {P:®P:,P.. ®P;,P;®P:1 Py ®P;1 } on a state known
to Alice and an unknown state of Bob system can be simulated at Bob’s end
with just 1-bit of classical communication from Alice to Bob. Let us denote this
protocol as 1-CBS. As we will argue now, this protocol can be utilized to perform
the 2 — 1 RAC task. Given the bit string Alice will implement the 1-CBS protocol
on the preparation

1
V2

whereas Bob, given the question y, will prepare the state

vt =2 [l {10+ (1o | (D.14)

L+ (—1)03). (D.15)

1
y_ -

As per the assumption, 1-CBS protocol reproduce the statistics of Mt(ﬁl).st on y,""' @
¢3 at Bob’s laboratory. Bob can post-process this outcome statistics and can
accordingly devise a strategy to answer his guess b. In particular, for the
outcomes P; ® P; and P; ® P, Bob guesses b =0, else he guesses b = 1. Denoting

[y =P; ®P; +P; QP and IT; =P, ®P;+P;L ®P,1, we have

Pr(b = ux.») = Tr (V" @ 03) Ty

1 1
=—(14+— ° . D.1
2<+ﬂ),wx1&y (D.16)

Therefore, with 1-CBS protocol one can have a success P;_cps = 1/2(1+1/v/2) in

2 — 1 RAC task — a contradiction. In other words, this proves that with 1-bit
(4)

communication the statistics of M/,

cannot be reproduced at Bob’s laboratory.
[
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D.4 An Explicit Example of a Nontrivial Product
Von-Neumann Measurement simulable by finite
classical communication

For a better clarification of Theorem [20], here we provide an explicit example.
Consider the OPB B = B; UB, UB; of C? ® C° system, where

={lo) |o 0)11). 1)) 1) )} (D.17a)
= {2 12). W) 13). k2 1) k) 1) ) (D.17b)
B2::{|y >|4> P 1), b2 ) ) 1) } (D.170)

with, |x") := %(U) + |m)) and |yI") := \l@(|l> +i|m)). Here, i denotes the square
root of —1. To simulate statistics of the measurement on this basis, Bob, on his
unknown state, first performs a measurement M¥, consisting of three rank-2
projective effects

{pl = 10) (0] -+ [1) (1], Py = |2) (2| +|3) <3\,}. (D.18)

P3:=4) (4] +15) (5]

On the other hand, Alice performs o;, o,, and o, measurements on three copies
of her known state, and communicates the outcomes through three 1-bit classical
channels, respectively 1%, 2" and 3'?, to Bob. Depending on which projector
clicks in his first measurement, Bob chooses the corresponding communication
line from Alice, and depending on the communication received from Alice, he
performs the measurements as shown is Table [D.1]. This protocol exactly re-

Outcome of M7,

Selected Channel | Communication | Bob’s final measurement

Py 1¥ Channel 0 {10) (O, |1) (1]}

1 {0) 68T ) 2}
P, 21d Channel (1) T |x3§ |>2<>)C<2§I : Ii3_3<>3 <|)};2_3 T
P " Channel i () 18 e

TABLE D.1 Bob selects the i’ communication line if rank-2 projector P; clicks in his
first measurement. Then based on the communication received from Alice
through the respective classical channel, he chooses his final measurement.
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produces the measurement statistics at Bob’s end, while utilizing three classical

bits from Alice.

D.5 Simulation of Twisted Butterfly Measurement with 2
bit communication

The twisted-Butterfly POVM M;;, induces the following effective POVM on Bob’s
part:

p

1 3, 2V2 1
I1] := 5(1 + )P, II5, = g(l — et 3%)1:2,
M= 00, = 2 (1 - y)Pa, T15y = 2 (1— oyt g, 00 (D19)
8 8 3 3
3
L §2 _g(l_WZ)PﬁL

where v, denotes the z component of the Bloch vector of of Alice’s known state
|w). Using the four projectors {Pg,PZ L,P&,PB‘ L} one can obtain only four rank-1
extremal POVMs, namely

M] = {P2L7P270707O}7 MZ = {PEL’O’O’P2’0}7
13 3 313 , (D.20)
3._ P, 2P0 2P 4.— 000 2P~ —P- _P=
M~ = {07 2PZ74P053074P L}v M™:= {0705 4P067 2PZ74P13L}

The POVM M, allows a convex decomposition in terms of extremal POVMs
{M* T le.

4
=) Mi(y)M, (D.21)
i=1
where,

i (w) = max{0, £ (1 - 2V3ys 439}, pa(y) = 3 (14 ) — (W),

3 22 1 3 22 1
w(y) = Z(l - T‘I/x+§‘lfz) —2u1(y), Ha(y) = Z(l +Tllfx+§‘lfz) — 21 ()

(D.22)

It is easy to verify that {u; () 1:1 is indeed a probability distribution V .
To simulate statistics of twisted-butterfly POVM, Alice after receiving classi-
cal description of the state ¥ communicates a four valued random variable
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{A};_, sampled according to a distribution {1, (y)};_,, and then Bob accord-
ingly performs the measurement M* on his unknown state ¢. Thus 2 bits of
communication channel is required from Alice to Bob to implement the classical
simulation protocol.

(4)

twist
ment My, is not implementable via LOCC (Lemma [3]). However, simulation of the

Remark 1. While the measurement M, ' is LOCC-implementable, the measure-
outcome statistics on Bob’s end for both the measurements is not possible with 1
bit classical communication from Alice, but possible with 2 bits of communication.

D.6 Proof of Theorem [21]
We start by recalling a definition from [168] (see Section 2.3.3 in page 113).

Definition 38. [Rank-1 extremal POVM] A k outcome POVM M = {I1,}*_, is
called rank-1 extremal POVM if for all a, 11, = p,P,, with p, >0 & P, being a
rank-1 projector, and Y, r,P, = 0 implies r,p, = 0V a; or equivalently all nonzero
elements in {I'Ia}fl:1 are linearly independent of each other. Let, M% denotes the
set of all rank-1 extremal POVMs.

The notion of rank-1 extremal POVMs leads us to the following useful Lemma.

Lemma 5. Any finite outcome rank-1 POVM Mg = {saPa}];:1 can be written as
probabilistic mixture of finite number of rank-1 extremal POVMs, i.e., V a, s,P, =
YEEo U shP,, with Y5 wy = land ¥V A, M} = {s}P,}k_| e Mg!.

Proof. Consider an arbitrary rank-1 POVM with finite outcomes My = {saPa}’;:1 ,
with s, > 0. According to Definition 38, Mg; allows convex decomposition in terms
of M* = {s*PM1k_ e M§Y, e

a

5aPy = A s Ph, with ;>0 & A A, = 1. (D.23)

P, being a rank-1 projector it follows that P* = P,, whenever s} > 0. On the other
hand, for sf; =0 also we can assume Pé = P,, which thus implies Pa’l =P, Va,A.
Thus we have M* = {s*P,}*_,. For such an M* we can define </ := {a | s} > 0}.
The extremality of M* implies the set of effects {s*P, | a € <%} to be linearly
independent, and furthermore the condition ¥ ¢, sﬁ P, = I uniquely specifies the
values of sc’}’s for any 7. As the set {Pa}fl:1 contains finitely many projectors,
there are only finitely many ways of choosing <7 such that M* turns out to be
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a rank-1 extremal POVM. Therefore, the integral in Eq.(D.23) gets replaced by
finite summation, meaning

L L
saPa= Y wpstP,, with iy >0& Yy =1. (D.24)
A=1 A=1

This completes the proof. O

Proof of Theorem [21]

Proof. Since any separable POVM is coarse-graining of rank-1 product POVMs,
it suffices to prove our claim for the later only. Consider an K outcomes rank-1
product POVM

K

M= {pP, @P, | u)eCY, v)eCh} (D.25)

i=1
Given a known state |y) € C% to Alice and an unknown state |¢) € C% to Bob,
they aim to reproduce the outcome statistics

Pli[.9) := piTr[Py, Py TH[P,, Py (D.26)

at Bob’s laboratory. Denoting p(i,y) = p; Tr[P,,Py], the statistics in Eq.(D.26)
can be view as the outcome statistics of the the effective rank-1 POVM M}, :=
{p(i,y)P,,}X | on Bob’s unknown state |¢). Lemma [5] ensures that POVM
My, = {p(i,¥)P,,}X, can be expressed as probabilistic mixture of finite number
of rank-1 extremal POVMs M* = {s*P, }X  i.e.

L
p(i, W)Py, = Y 1wy (y)stP,,. (D.27)
A=1

More specifically Eq.(D.27) depicts that the coefficients {u; (y)};_, in convex
mixture depend on the state of Alice’s system. To simulate the statistics of
Eq.(D.26) at Bob’s end, Alice given a known state y generates a random variable
A €{1,2,--- L} according to probability distribution {u, (y)}5_, and communi-
cates it to Bob using log L-bits of classical communication. Upon receiving the
random variable A Bob implements the corresponding rank-1 extremal POVM
M* on his unknown state ¢. This completes the proof. O
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D.7 Simulation of multipartite fully separable
measurements

We start by introducing a natural multipartite generalization of the channel
simulation task, that invokes more than one senders (say) Alice-1, Alice-2---
Alice-n and one receiver Bob. Formally the task is defined as follows:

¢ Each of the senders is given classical description of qubit state, i.e., Alice-
i receives classical description of the state yy, € CZ"I, . Importantly, the
knowledge of the state is known only to the i/ Alice, while it is oblivious to
all other senders and the receiver.

* Bob receives an unknown quantum state ¢ € C4. Likewise the one sender-
one receiver case, here also the state ¢p is unknown to the senders.

* Bob aims to reproduce statistics of a K outcome multipartite measurement

K
My, .4, = {Hzl“'AnB}b 1 on the state ®'_; yu, ® ¢p, which reads as

p <b|®WA,®¢B> =Tr [<® WA5®¢B> Hg].A.AnB] . (D.28)

i=1 i=1

Naturally, this raises the question of whether Theorem [21] can be generalized
to fully separable measurements composed exclusively of fully separable effects
[84]. Before proceeding further, it is important to note that in the multipartite
setting, such measurements can exhibit nonlocal behavior in the sense that
they may not be implementable within the operational paradigm of LOCC. A
canonical example is the three-qubit Shift basis measurement [13]:

_{|000><000\, [111) (111|,  |401) (4+01], |—01) (—01],

Shift = ,  (D.29)
|014) (01+], [01—) (01—, |[14+0) (1 +0|, |1 —0)(1—0|

where |+) := %(|O) +|1). Notably, Bennett et al. [13] demonstrated that the
shift-basis measurement cannot be implemented via LOCC when all parties
are spatially separated, though it becomes feasible if any two parties are in one
laboratory. This construction was later extended to multipartite and higher-
dimensional systems [169]. More recently, fully separable measurements have
been identified that remain non-implementable under LOCC unless all parties
are co-located, revealing a stronger form of measurement nonlocality [170-172].
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This motivates an investigation into the applicability of Theorem [21] to such
fully separable measurements.

While dealing with classical simulation of the statistics in Eq.(D.28), the fol-
lowing two configurations arise depending on how the classical resources are
allowed:

* Configuration A: All the parties (the senders and the receiver) can ex-
change arbitrarily large but finite amount of classical communication
among one another.

¢ Configuration B: Arbitrarily large but finite amount one-way classical
communicate is allowed from each of the senders to the receiver. Back ward
communication from the receiver to the senders as well as communication
among the senders are not allowed.

Within the Configuration A, in the following we first show that it is possible to
generalize Theorem [21].

Theorem 24. Statistics of any fully separable measurement on a quantum
states Yy, which is known to i'" Alice but unknown to others, and an unknown
state provided to Bob, can always be simulated at Bob’s end by finite classical
communication allowed within Configuration A.

Proof. The proof proceeds by induction. Assuming the result holds for n —1
senders, we show it must also hold for n. As in the bipartite case, it suffices to
consider separable measurements performed by Bob, specifically those composed
of rank-1 POVM elements. Let us consider a K-outcome, rank-1, fully product
POVM of the form

i K

M = {pb®Pu2 ®Py, | [u) €CY, |vy) € Cg} : (D.30)
i=1 b=1

The outcome statistics of Eq.(D.28) reads as

p (b‘®wAi®¢B> =Tr [(@ II/A,-®¢B> <Pb®Puz®va>
i—1

i=1 i=1

=ppTr [WAIPuﬂ x Tr [ <(§2) Vi, @ ¢B> ((;_%) P ®va>

(D.31)
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Denoting p(b,ya,) = p» Tr[l//AlPu}’ |, the statistics in the above equation can be
viewed as an effective rank-1 POVM separable measurement

v, n
Mg = {p(b,wa,) QP @Py, }i (D.32)
i=2

on the state @}, y4, ® ¢p. Lemma [5] ensures that POVM M,lgf‘ can be expressed

as probabilistic mixture of finite number of rank-1 extremal POVMs M* =
{5y ®aP, @Py Y, Le.

n L n
p(b7 WA])@P%@P% = Z ul(wAl)S%®Puz®PV};' (D33)
=2 A=1 i=2

To classically simulate the required statistics, Alice-1 tosses a coin {uy (ya,)}s_,
and communicates the outcome A to the rest of the parties indicating that the rest
of the parties should implement the measurement M* = {s} ®[_,P,; ®Py,}}_, on
their joint state ®’_, yu, ® ¢p. Thus for each A we now have a similar separable
measurement problem among the n — 1 senders and one receiver. According to
our inductive hypothesis every such measurement M* can be implemented by
finite communication among the n — 1 Alice’s and Bob. Thus the measurement
M,lgfl can also be simulated among the n senders and one receiver. The base
case of the inductive proof for one sender and and one receiver follows from the
Theorem [21]. This completes the proof. O

At this point, one might suspect that under restricted communication scenario
(i.e., Configuration B) Theorem [24] may no longer hold. As we argue now this
is not the case.

Theorem 25. Statistics of any fully separable measurement on a quantum states
V4, which is known to i'" Alice but unknown to others, and an unknown state
provided to Bob, can always be simulated at Bob’s end by finite one-way classical
communication from the senders to the receiver as allowed in Configuration B.

Proof. We detail the argument for tripartite case, and the generalization follows
for higher number of senders. Given two senders Alice-1 and Alice-2 and a
receiver Bob let us consider a K-outcome, rank-1, fully product POVM of the
form

= b € Tyl lup) € CF cal D.34
M= {p,P, 2P @P,, | |uf) € C.Jud) € CF, ) €CH} (D.34)
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As before, the effective POVM MZ?‘ = {p(b, yyu, )Pui ® P, }X_, on the state
Y4, ® ¢p can be written as a probabilistic mixture of finite number of rank-1
extremal POVMs M* = {S%Pu,% 2P, K.

In the case of Configuration A, Alice-1 communicates the information
of A to Alice-2 as well as Bob indicating them to simulate the statistics of
M%. Whenever no communication between the senders is allowed, Alice-2
could just send the information corresponding to every possible value of
A € {1---L} since she has the complete classical description of the state yj,.
Therefore, Alice-2 does not require the knowledge of the measurement M*
to be simulated.

Therefore, the protocol in Theorem [24] can be modified by limiting Alice-1’s
communication of A only to Bob.

Since Bob receives information for every possible value of A from Alice-2, he
can suitably choose the relevant information as indicated to him by Alice-1.

Following the aforementioned protocol, the tripartite statistics can be achieved
in the case where the senders do not communicate between them. However, this
comes at the cost of a large (but finite) amount communication from Alice-2 to
Bob. It is not hard to see that the above argument generalizes for more than
two senders. In this case, i Alice communicates all relevant information to Bob
corresponding to Alice-1,---, Alice-(i—1). O

D.8 Proof of Theorem [22]

Given the state y := %(Iz + - 0), the protocol ensures that the state XP(;,i*X?,
prepared at Bob’s end, lies within the cone forming an apex angle 6,, with the
vector . Furthermore, since the random variable X is drawn Haar-randomly
from the set of unitaries acting on C?, all the states within this cone are prepared
with equal probability. Consequently, on average, Bob prepares a resulting
density operator pr(y) = 5(I+ ¥ - ), with §* = (yF yR yF)T e R3.
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Denoting the Bloch vector of XPy,, X" as (sin@cos @,sinOsin@,cos 0)T € R, the
components of the resulting density operator are given by:

x_ Jy"sin@do [(Fdesin®cos @

X (D35a)
v Jmsine do (3™ de
R = Jmsin@ d6 (3™ de sin O sing (D.35b)
Y Jmsin0 do (3™ de '
6, .- 21
"sin6do do cosb
yk = o sinBd6; dp cosf (D.35¢)
Jo"sin@d0 ;" do

For instance, if Alice is given the state |0) (0| = %(Iz + o), then the components of
the Bloch vector for Bob’s resulting state are:

1 1—cos26
R_ R _ R_ - eum._
vy =y, =0, and y; = 7 T cosh, N (6m). (D.36)
Thus, the resulting density operator at Bob’s end is:
1
Pr((0)) = 5 (I +n(6n) 0z). (D.37)

2

The above calculation yields the same result for any arbitrary state v provided
to Alice, confirming that the protocol simulates a depolarizing channel with
parameter 1(6,,). Notably, as m increases, 6,, decreases, and 1(6,,) increases. In
the limiting case m — o, we have 6,, — 0 and n(6,,) — 1, which aligns with the
claims of Theorem [18]. Thus, for any value of n < 1, a simulation is always
achievable with m bits of finite communication, provided m is sufficiently large. In
general, deriving an exact expression for 11(6,,) for arbitrary m is challenging, as it
depends on the specific choices of Bloch vectors {(2),}12’:"1 However, for small m’s we
can have some natural choices of Bloch vectors — (m=1): 2 diametrically opposite
vectors, yielding 6, = n/2 and n(6;,) = 1/2, (m=2): 4 vectors forming a regular
tetrahedron, yielding 6, = 0.5 x cos ™' (—1/3) and 1(6,) = (3 +/3)/6 ~ 0.789, and
(m=3): 8 vectors forming the vertices of a cube, yielding 63 = 0.5 x cos~!(1/3) and
n(63) = (3+6)/6 ~ 0.908.
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